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Abstract— It is well-known that a robotic manipulator with
the position output has a relative degree 2. A standard feedforward iterative learning control (ILC) requires the second
derivative of the tracking error to achieve a perfect tracking
performance. This leads to implementation issues when the
output signals are noisy. To address such an issue, this paper
presents a feedback-based PD-type ILC with the consideration
of the actuator saturation, in which only the first derivative
of the tracking error is needed. With the help of a composite
energy function, under mild assumptions, Theorem 1 shows that
the proposed feedback-based PD-type ILC can ensure perfect
tracking performance in the presence of actuator saturation.
The simulation and experimental results show the effectiveness
of the proposed method.

I. INTRODUCTION
Driven from many engineering applications, the idea of
using past tracking performance in a repetitive tracking task
to “learn” the desired control input was proposed by [1]
and [2]. Due to its ability to learn over repetitions, this
method can relax the requirement of the knowledge of the
engineered systems. Hence, this so-called iterative learning
control (ILC) algorithm, which is a model-free method, is
attractive in various applications such as chemical batch
processes [3], energy generation [4], industrial robots [5]
and freeway traffic control [6], More details on the various
developments and wide applications can be found in the
survey papers [7], [8] and references there in.
Many ILC algorithms have been successfully applied to
robotic manipulators [2], [9]–[11]. As the relative degree
of robotic manipulators with position output is 2, a DDtype ILC which uses the second derivative of tracking error
can ensure a perfect tracking performance if a convergence
condition is satisfied [12]. When implementing such a DDtype ILC, if the position signals have measurement noises,
computing the second derivative of the tracking error without
magnifying the high-frequency noises is very challenging.
Appropriate filters are needed to filter out high frequency
noises without sacrificing the tracking performance. If the
filters are not designed appropriately, the tracking error might
diverge in the iteration domain.
In order to simplify the implementation of ILC algorithms,
instead of using DD-type ILC, a PD-type ILC is used in this
paper. That is, the first derivative of the tracking error as
well as the tracking error are used in the ILC updating laws.
This idea was motivated from the works of [13], [14]. The
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work presented in [13] was focused on the linearized model
of robot manipulators, later extended to nonlinear dynamics
in [14].
Other than the PD-type feed-forward ILC scheme proposed, a PD-feedback is always used in combination with
the feed-forward ILC to enhance the robustness, or ensure
the satisfaction of output constraints or improve the transient
response in iteration domain.
In robotic manipulators, the motors have limited actuation
capabilities. This work extends the results of [14] with the
consideration of actuator saturation. The existence of the
actuator saturation makes it difficult to have a high gain
feed-back controller. Such actuator limitations will have great
impact in the implementation of feedback-based PD-type
ILC algorithm, leading to a possible divergent performance.
This paper proposes a feedback-based PD-type ILC algorithm that is able to handle input constraints from actuators
for robotic manipulators with the relative degree 2. To the
best of authors’ knowledge, actuator saturation has not been
addressed for a feedback-based PD-type ILC algorithm for
robotic manipulators in ILC literature, though feed-forward
ILC schemes can handle input saturation [15].
This paper extends our previous works on input constraints, [16] and [17], with the consideration of implementation issues. More precisely, instead of using DD-type
ILC, this work proposed PD-type ILC in combination of
feedback controller to ensure the perfect tracking performance in the presence of hard input constraints (or actuator
constraints). As can be seen clearly from experimental results, the feedback-based DD-type ILC cannot work, though
simulation results work. The modifications from DD-type
ILC to PD-type ILC makes it easy to implement the desired
controller as shown in the experimental results.
II. P RELIMINARIES AND P ROBLEM F ORMULATION
Firstly, the notations used in this paper are introduced,
followed by definitions and lemmas. The set of real number
and natural numbers are denoted by R and N respectively.
The set of all continuous functions in a finite time interval,
[0, Tf ] that is differentiable up to j th order is denoted
by C j [0, Tf ] for any j ∈ N . The Euclidean norm of any
2
vector, x ∈ Rn is represented by |x|, and |x| , x⊺ x. For
any matrix A ∈ Rn×m , |A| represents the induced matrix
norm. For a square matrix A ∈ Rn×n , A > 0 indicates
A is a positive definite matrix. (·)⊺ represents the transpose
of a vector or a matrix. In denotes the identity matrix of
dimension n. For any vector u∗ , u∗ > 0 indicates that all
its elements are positive. (·)i represents any signal at the ith

iteration. Unless otherwise mentioned, the notion i represents
the iteration number.
For any signal in L2 [0, Tf ]1 , its L2 norm is defined as
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Let u ∈ R and u∗ > 0. The saturation function is
defined as sat(u, u∗ ) , sign (u) min{u∗ , |u|} for any
u ∈ R. For any u ∈ Rm and a positive vector
∗
saturation function is defined as sat(u, u∗ ) =
u , the
∗
∗
⊺
1
sat(u , u1 ), · · · , sat(um , um ) .
The following lemmas will be used to facilitate the proof
of Theorem 1 in this paper.
Lemma 1: [18, Property-3] For any given ur , u and
u∗ ∈ Rm satisfying sat(ur , u∗ ) = ur then the following
2
2
inequality holds: |ur − sat(u, u∗ )| ≤ |ur − u| .

∗
Lemma 2: [18, Property-4] For any u, u and w ∈ Rm
satisfying u∗ > 0, if v = sat(u, u∗ ) + w, then the following
inequality holds: |sat(v, u∗ ) − v| ≤ |w|.


Remark 2: Property 1 comes from passivity property of
robotic manipulators [19]. Hence finite escape phenomenon
will not happen. This indicates that the boundedness of the
state trajectories for a finite time interval holds when the
input is bounded.
◦
Remark 3: When comparing Property 2 and 3 which is
defined globally, Property 4 holds locally as the constants
in inequalities depend on the size of the compact set of the
trajectories. If the system (1) is unstable, these constants will
go to infinity.
◦
The equations of motion (1) can be represented by a
multiple-input-multiple-output (MIMO) square2 state-space
form. At each iteration, this state-space form is:

 
 

0
x2,i
ẋ1,i
ui
+
=
M −1 (x1,i )
ẋ2,i
h(x1,i , x2,i )
yi =x1,i ,
(2)
where h(x1,i , x2,i )

A. Problem Formulation
The equations of motion of a direct drive, fully actuated
robotic manipulator with n rigid link can be represented as
[19]
M (θ)θ̈ + C(θ, θ̇)θ̇ + f (θ̇) + g(θ) = u
u
y

=
=

sat(v, u∗ )
θ
(1)

where θ, θ̇ and θ̈ ∈ Rn are the vector of joint angles,
velocities and accelerations respectively. The control input,
v ∈ Rn is the vector of applied input to the actuator. M (·) ∈
Rn×n is the inertia matrix, C(·, ·) ∈ Rn×n represents the
total Coriolis and Centripetal terms, f (·) ∈ Rn is the friction
component and g(·) ∈ Rn is the gravity force vector. The
vector u∗ > 0 indicates the saturation limit of the actuator.
Remark 1: It is assumed that the precise knowledge of the
model of the robotic manipulator is not known. Therefore,
the proposed controller design can be treated as a model-free
method.
◦
The following properties hold for the robotic manipulator
systems (1) matrices/vectors [19]:
Property 1: For a given u∗ > 0, the trajectories of the
system are bounded for any t ∈ [0, Tf ]

Property 2: The inertia matrix M (·) in (1) is symmetric
and positive definite. More precisely, there exist two positive
constants µ1 and µ2 , s.t 0 < µ1 In ≤ M (·) ≤ µ2 In .

Property 3: The matrix (Ṁ − 2C) in (1) is a skew
symmetric matrix. Hence for any x ∈ Rn , the following
relation hold: x⊺ (Ṁ − 2C)x = 0.

△
Property 4: For a given compact set B∆
:=
{x ∈ Rn | |x| ≤ ∆ }, there exist three positive constants Cb ,
Fb , and Gb such that: C(θ, θ̇) ≤ Cb θ̇ , f (θ̇) ≤ Fb θ̇
i
h
⊺ ⊺
∈ B∆ .

and |G(θ)| ≤ Gb , for any θ ⊺ θ̇
1 The space of L2 [0, T ] contains all square-integrable functions over a
f
finite interval [0, Tf ]

,

−M −1 (x1,i )C(x1,i , x2,i )x2,i
−M −1 (x1,i ) (f (x2,i ) + g(x1,i )) .

Here, x1,i = θ i and x2,i = θ̇ i are the state and yi is the
output which is the joint position vector.
Remark 4: The robotic manipulator system is defined
in joint space with joint positions as the system output.
This system has the relative degree 2. Without any loss of
generality, it is possible to extend the control design and
analysis made in this paper even if the output is defined
in task space instead of joint space using an appropriate
Jacobian transformation.
◦.
The following assumptions are needed in this paper.
Assumption 1: For a given yr = x1,r ∈ C 1 [0, Tf ], there
are reference state x2,r ∈ C 1 [0, Tf ] and reference input
ur ∈ C[0, Tf ] that satisfy the following dynamics

 

 
ẋ1,r
0
x2,r
+
ur (3)
=
ẋ2,r
h(x1,r , x2,r )
M −1 (x1,r )

Moreover, there exists a known positive vector u∗ such that
sat(ur , u∗ ) = ur , ∀t ∈ [0, Tf ] is satisfied.

Remark 5: Assumption 1 is presented for a general class
of nonlinear systems. It implies the existence of ideal trajectories and ideal input signals that coming from the same
model. It is not restrictive for many practical problems. For
example, this assumption holds true for robotic manipulators.
Moreover, this assumption also indicates that the ideal input
signal is realizable within the limits of actuator constraints.
This assumption plays an important role in the analysis if a
class of general nonlinear systems is considered.
◦
Remark 6: This paper shows that the input signal will
converge to the ideal input signal with the help of Assumption 1. The convergence of input can be naturally link to
input saturation, making the convergence analysis feasible
in the presence of input saturation.
◦
The output tracking error is defined as
ei (t) , yr (t) − yi (t)
(4)
2

A square system has same the dimension for input and output vectors.

Assumption 2: The system (2) performs repetitive tracking with a finite time interval [0, Tf ]. Moreover, the identical
initial condition ei (0) = ėi (0) = 0 is satisfied in all
iterations.

Remark 7: The Assumption 2 is a standard assumption in
the ILC design. It is possible to relax this assumption at the
expense of sacrificing the perfect tracking performance. For
more details, refer [20] and references therein.
◦
The control objective is to design a sequence of control
input signal to achieve a perfect tracking performance in the
presence of actuator saturation. More precisely, the objective
is to find a sequence of control input {ui }i∈N≥0 such that the
tracking error converges point-wisely, i.e. lim |ei (t)| = 0.
i→∞

III. P ROPOSED CONTROL STRUCTURE WITH
CONVERGENCE ANALYSIS

The proposed structure is shown in Fig.1. It consists of a
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Fig. 1.

Block diagram of proposed control architecture

standard PD-type feedback control uf b with a modified PDtype feed-forward ILC uf f . The control input applied to the
plant takes the following form
vi (t) =e
ufi f (t) + ufi b (t), ∀t ∈ [0, Tf ], i = 1, 2, · · · , . (5)
e fi f (t) , sat(ufi f (t),
where u
input ufi f (t) is given by

∗

u ), the feed-forward control

f
ufi+1
(t) =e
ufi f (t) + Γp ei (t) + Γd ėi (t), uf1 f (t) = 0,

(6)

where Γp and Γd ∈ Rn×n are diagonal matrices to be
designed. Moreover, the feedback control ufi b (t) takes the
following form:
ufi b (t) = Kp ei (t) + Kd ėi (t).

(7)

where Kp , Kd ∈ Rn×n are symmetric positive definite gain
matrices for the feedback control.
Remark 8: The PD-type ILC law (6) is different from
the one in [14] as the input saturation is considered. A
saturated feed-forward ILC control input of the previous
e fi f (t) is used in the update law, instead of ufi f (t).
iteration, u
Furthermore, a soft input saturation is applied in the control
structure to further ensure that the input constraint will
be satisfied. With the hard input constraints (see Fig. 1),
three saturation functions working together to ensure the

boundedness and the convergence of the tracking error [21].
◦
Remark 9: As the matrix M (·) is symmetric and positive
definite and Γd is a positive diagonal matrix, the matrix
Γd M (·) is always symmetric and positive definite. This
property will be used in the proof of the main result. More
precisely, there a positive constant γ such that the following
condition holds:
0 < γIn ≤ Γd M (x1,i )
n

for all x1,i ∈ R .
Remark 10: Without any loss of generality, a PD-type
feedback is employed as it is widely used in the stabilization
of robot manipulators. The role of such a feedback is to
ensure uniform boundedness of trajectories in the presence
of actuator saturation. When the trajectories are uniformly
bounded, the local Lipschitz continuity can be treated as the
global Lipschitz continuity .
◦
Next, the main result of this paper is presented in Theorem
1.
Theorem 1: Assume that the system (2) satisfies Assumptions 1 and 2. With the control laws (5), (6) and (7), the
closed loop system can ensure that
1) The input signal ufi f converges to the desired control
input ur in L2 norm sense.
2) The tracking error converges to zero uniformly.

The proof of the theorem is given in Appendix .
Remark 11: In the proof of the theorem, a fictitious error,
ξ , ė + Γ−1
d Γp e is introduced to simplify the analysis.
Then the convergence of ξ is achieved. The convergence
of tracking error can still be guaranteed even if Γp = 0.
This means that the ILC law includes only the derivative of
previous iteration tracking error.
◦
IV. S IMULATION AND E XPERIMENTAL R ESULTS
The effectiveness of the proposed controller is demonstrated using a simulation and an implementation in a robotic
manipulator, EMU [22] which has three degrees of freedom
as shown in Fig. 2. For the ease of presentation, only
the last two degrees of freedom, θ2 and θ3 , are used for
illustration. The output reference trajectories which are used
for the simulation and experiment are shown in Fig. 3. The
following parameters are selected for the control law (5),
Kp = 3In ,Kd = 0.1In , Γp = 0.4In and Γd = 0.6In in
simulation as well as in experimental validation. Without any
loss of generality, a nominal gravity compensation is applied
in control input to ensure the satisfaction of Assumption
2 in experiments. Similar condition is also imposed in
simulations. A saturation limit, u∗ = [1.5, 1.5] is chosen.
The data is recorded with a sampling time of 0.001s in
simulation and in experiments.
A. Simulation Results
The nominal model of the robot, EMU from [23] is used
for simulations. Due to space constraints, the model details
are omitted in this paper. The simulations are performed for
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Robotic manipulator with three actuated degrees of freedom

Fig. 3. The output references, θ = xr,1 and θ̇ = xr,2 used in experiments
and simulations.

the following three cases. For Case-1, the DD-type ILC is
used for tracking without any feedback control. For Case 2, a
PD type feedback is used along with Case-1 to indicate the
difference in the transient performance in learning. Lastly,
for Case-3, the tracking performance using the proposed ILC
scheme in the presence of input saturation is presented. For
0.394 −0.124
Case-1, the update gain:
is used which
−0.124 0.342
satisfies the required convergence condition as given in [14].
The simulation is performed for 40 iterations. The variation
of supremum norm3 of tracking error is shown in Fig. 4.
As expected, the existence of the feedback has improved
the transient performance in Case-2 and Case-3 when compared with Case-1. The proposed algorithm have a better
transient performance than Case-1 and Case-2, though the
improvement is not significant. It will show next that implementing Case-2 faces much difficulty in experiments due to
unreliable second derivative information in the update law.
B. Experimental Results
The experiment is performed using the ILC which needs
the double derivative of output tracking error (Case-2) as
3 If a function is in L [0, T ], which is the space consisting of all
∞
essentially bounded signals, kxks = maxt∈[0,Tf ] |x(t)|.

Fig. 4. Simulation results: Case-1 and Case-2 use double derivative of
tracking error as proposed in [2], [12], Case-3 use PD type ILC with
saturation constraints.

Fig. 5. Experimental Results: The variation of supremum norm of tracking
error.

Fig. 6. Experimental Results: The output trajectories, θ2 and θ3 for i =
1, 5, 22 for Case -3 (Proposed ILC scheme).

well as the proposed ILC scheme (Case-3) in the presence
hard input constraints (Case-3).
The derivative of the tracking error is calculated using the
backward difference method. A Butterworth filter of order
4, with cut-off frequency of 60Hz is used to eliminate the
noises in ė and uf f for a PD type ILC. For DD-type ILC,
a second Butterworth filter of order 4 with a lower cut-off
frequency of 10Hz is used to numerically differentiate the
derivative of the tracking error.
The experiments have been carefully designed to satisfy
the identical initial condition as Assumptions 2 is critical in

achieving the convergence. In order to achieve Assumption
2, a PID controller is used to initialize the tracking in the
same position with an error norm less than 0.005 radians.
The experiment is performed for 8 iterations for DD-ILC
and 22 iterations for proposed ILC scheme. The variation of
supremum norm of tracking error for both cases are shown
in Fig. 5. The supremum norm of the error converges when
the iteration progresses with PD type ILC whereas due to
unreliable values of second derivative signal, the convergence
is affected for a DD-ILC. Hence the trials are stopped after
8 iterations. The output trajectories for Case 3 at iterations
i = 1, 5, 22 along with the reference trajectory is shown in
Fig. 6. It can be seen that the trajectories are converged to
reference trajectory with a maximum error of nearly 0.02
radians for PD type ILC. It is found that the implementation
using PD type ILC is more robust to measurement noises in
experiments.
V. C ONCLUSION
This paper presented a feedback-based PD-type ILC algorithm for robotic manipulators with position output (or
the system with the relative degree two) in the presence of
hard input constraints. By using composite energy function,
the main result shows that the tracking error converges
uniformly and the control input is always bounded in L2
norm. Simulations and experimental results illustrate the
effectiveness of the proposed method.
A PPENDIX
P ROOF OF T HEOREM 1

Because of Property 2, ur is continuous and bounded. When
the output trajectory y approaches the reference trajectory
yr , then the fictitious reference input, ur approaches the
actual reference input ur .
A new fictitious velocity error is defined as:
ξ , ė + Γ−1
(9)
d Γp e
Due to Assumption 2, if ξ → 0, then e → 0. The feedback
control (7) can be represented in terms of fictitious velocity
error as
uf b = Kd ξ + K̂p e
(10)
where K̂p , Kp − Kd Γ−1
d Γp . Finally for the simplification
of notations, let M , M (x1 ), C , C(x1 , x2 ), δh ,
h(x1,r , x2,r ) − h(x1 , x2 ), δu , ur − u, δuf f , ur − uf f
ef f .
and δe
uf f , u r − u
Differentiating (9) with respect to time followed by multiplying with inertia matrix M yields:
−1
M ξ̇ =M ë + M Γ−1
d Γp ė = M δh + δu + M Γd Γp ė

=δu − Cξ + ζ
where ζ , M δh + Cξ + M Γ−1
d Γp ė.

(11)

(12)

0

where λ is any positive constant. This energy function is a
time-weighted L2 norm of δufi f which is equivalent to the
one used in [14] which captures the learning in the iteration
domain.
The proof is divided into mainly two parts. The first part
shows that the proposed energy function is non-increasing in
the iteration domain, followed by the second part where the
convergence of output tracking error is established.
A non-increasing property of the energy function (12) in
the iteration domain is established. This means that if Ji is
bounded, Ji+1 is also bounded.
A. Non-increasing Energy Function
The difference of energy function between two iterations
is given by


Z t
2
2
ff
ff
−λτ
dτ
δui+1 − δui
e
∆Ji+1 = Ji+1 − Ji =
0

(13)

Due to Lemma 1, the following relation holds:
f
δufi+1

2

− δufi f

2

f
≤ δufi+1

2

− δe
ufi f

2

(14)

In addition, the ILC law (6) can be written in terms ξ as
follows:
f
=δe
ufi f − Γd ξ i .
δufi+1

Proof: For the convenience of the proof, the following
variables are defined. A fictitious reference signal is introduced, which is defined as
ur , M (x1 )M −1 (x1,r )ur .
(8)

=δe
uf f − uf b − (sat(v, u∗ ) − v) − Cξ + ζ

Consider the energy function Ji (t):
Z t
⊺
e−λτ δufi f (τ )δufi f (τ )dτ,
Ji (t) =

(15)

Therefore substituting equation (14) followed by (15) back
into (13) yields:


Z t
2
2
f
dτ
− δe
e−λτ δufi+1
∆Ji+1 ≤
ufi f
0
Z t
Z t
2
e−λτ |Γd ξ i | dτ .
e−λτ (Γd ξ i )⊺ δe
ufi f dτ +
≤−2
0

0

(16)

The equation (16) consists of two control signals ξ i and
th
δe
ufi f of i iteration. Using the error dynamics from (11),
equation (16) can be written in term of ξ i and ξ̇ i . Therefore
substituting δe
ufi f from (11) into (16) yields
Z t
e−λτ (Γd ξ i )⊺ Mi ξ̇ i dτ
∆Ji+1 ≤ − 2
0
Z t
e−λτ (Γd ξ i )⊺ ufi b dτ
−2
0
Z t
e−λτ (Γd ξ i )⊺ (sat(vi , u∗ ) − vi ) dτ
−2
0
Z t
e−λτ (Γd ξ i )⊺ Ci ξ i dτ
−2
Z t0
e−λτ (Γd ξ i )⊺ (2ζ i + Γd ξ i ) dτ .
(17)
+
0

To eliminate the derivative of ξ from (17), the following
equality can be used for the first term in (17),

−2e−λt (Γd ξ i )⊺ M ξ̇ i

d −λt
=−
e (Γd ξ i )⊺ Mi ξ i + e−λt (Γd ξ i )⊺ Ṁi ξ i
dt
− λe−λt (Γd ξ i )⊺ Mi ξ i .
(18)
Due to Lemma 2, |sat(vi , u∗ ) − vi | ≤ ufi b . Using Property
3, identical initial condition (Assumption 2) and the equation
(18), the difference in energy function, (17) can be re-written
as
∆Ji+1 ≤ − e−λt (Γd ξ i )⊺ Mi ξ i
Z t
e−λτ (Γd ξ i )⊺ Mi ξ i dτ
−λ
0
Z t
e−λτ (Γd ξ i )⊺ (2ζ i + Γd ξ i ) dτ
+
0
Z t
e−λτ |Γd ξ i | ufi b dτ .
(19)
+4
0

It is possible to show that there exists two positive constants
c1 and c2 such that the following inequality holds:
2
|ζ| ≤ c1 |ξ| + c2 |ξ| .
(20)

For a given compact set B∆ , there exists a positive constant
c3 = c3 (∆) such that ufi b ≤ c3 |ξ i |. Because of Property
2, Mi is symmetric and positive definite. If Γd is chose in
such a way that Γd Mi is symmetric and positive definite,
then there exists a γ > 0 such that 0 < γIn < Γd M (x1,i )
for all xi ∈ B∆ :
Z
t

2

2

e−λτ |ξ i | dτ
∆Ji+1 ≤ − γe−λt |ξ i | − λγ
0
Z t
e−λτ R(|ξ i |)dτ
+

(21)

0

2

3

where R(|ξ i |) = r0 |ξ i | + r1 |ξ i | is a polynomial function
in |ξ|, r0 = |Γd | (2c1 + |Γd | + 4 |Γd | c3 ), r1 = 2 |Γd | c2 . For
any compact set B∆ , there exists a constant c4 = c4 (∆) such
that
2
R(|ξ i |) ≤ c4 |ξ i |
For any c5 > 0, by selecting λ > cR4 + c5 , it follows that
t
2
2
∆Ji+1 ≤ −γe−λt |ξ i | − c5 γ 0 e−λτ |ξ i | dτ ≤ 0
B. Convergence Property

Barbalet Lemma can be applied to ensure the uniform
convergence property. As J1 is bounded, Ji (t) is nonincreasing in the iteration axis, the pointwise convergence
of input signal in terms of L2 norm can be obtained.
This suggests that the tracking error converges point-wisely.
In addition, the uniform boundedness of (11) ensures the
uniform continuity of ξ i in the interval [0, Tf ]. This leads to
the uniform convergence of the tracking error.
This completes the proof.
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