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Abstract— Usually, the convergence analysis of a continuoustime iterative learning control (ILC) algorithm is carried out by
using either Contraction Mapping (CM) or Composite Energy
Function (CEF) based methods. They are subtly different in terms
of types of systems to which it can be applied, the convergence
properties, convergence condition and the standing assumptions.
Although the link between these two methods has been observed
in literature, there is no clear statement to show that CEF-based
method can be served as a unified analysis tool. This paper shows
this fact by re-proving the well-known CM-based convergence
results of P-type ILC algorithms using a novel CEF method.

I. INTRODUCTION
Iterative Learning Control (ILC) is a control technique that
is widely used to “learn” a desired control input for systems
performing a repetitive tracking task on a finite-time interval.
Over the last three decades, many ILC algorithms have been
developed with many successful applications (For more details,
see survey papers [1]–[4] and references therein).
Contraction Mapping (CM) and Composite Energy Function
(CEF) based methods are widely used for the convergence
analysis of an ILC algorithm in a continuous-time domain [5].
CM-based methods were established in the pioneering works
of ILC [6]–[10]. Usually, CM-based design is simple and
requires relatively less knowledge of the system dynamics [5].
The standing assumption is that the system of interests satisfies
so-called global Lipschitz condition (GLC). By using the timeweighted norm, the dynamics of the system can be ignored and
the uniform convergence of tracking error or the input error (the
error between the desired input and the current input) can be
ensured if some convergence condition, which is closely related
to the relative degree of the dynamic system, is satisfied.
On the other hand CEF or energy function (EF) based
techniques were initially used for cases where the CM-based
methods cannot be directly applied , see, for example, [11]–
[15]. By requiring more knowledge of the system, such as some
stability properties in time-domain, CEF-based ILC design
can relax some standing assumptions needed in CM-based
methods. For example, the GLC condition can be relaxed [4],
[16] or the relative degree requirement [5], [11], [13], [17]. As
the performance in time-domain is always incorporated into
the CEF, CEF-based ILC works well when feedback laws are
used in combination with feed-forward ILC. Without requiring
the convergence condition, the CEF method shows that at each
time instant, the proposed CEF with the proposed ILC updating
law decreases along iteration domain. This leads to the pointwise convergence of tracking error or input error. However
extra conditions are needed to show the uniform convergence.
Although, these two methods are different, both of them use
its own techniques to ignore the dynamics of the system. A
monotonic convergence in terms of a time-weighted norm in
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CM methods is equivalent to the decreasing energy function
in CEF methods. Hence route of convergence in terms of
supremum norm is unknown in both cases. The differences
between these two designs are summarized in Table I.
The CEF-based analysis incorporates information in timedomain and iteration-domain while the CM-based method only
focuses on information in iteration-domain. It is intuitively
clear that the CEF-based analysis method could be served as a
unified analysis tool to show the convergence. However, how
to use the convergence condition in the CEF-based method has
not been fully investigated. To the best of author’s knowledge,
how to use CEF method to show the convergence of ILC
algorithms, which are designed based on CM method, has not
been addressed in the ILC literature, except some preliminary
works in [18] where a dual loop ILC was investigated in which
the first ILC is based on CM and the second ILC is based on
CEF.
This paper proposes two novel CEFs, which can naturally
incorporate the convergence condition from CM-based ILC
design into the convergence analysis. To illustrate this idea,
the well-known P-type feed-forward ILC algorithm for a nonlinear multi-input-multi-output square affine system with zero
relative degree is used. Two different convergence conditions
are considered: one is in terms of output tracking error and
the other is in terms of input error. Instead of using standard
CM-based analysis, the convergence of both cases can be reproven by using such novel CEFs. This example demonstrates
that the CEF can be treated as a unified analysis tool to show
the convergence of any ILC algorithm. As pointed out in [5], as
CEFs closely link to Lyapunov functions or energy functions
used in time-domain, some analysis tools used in time-domain,
such as passivity, input-to-state stability and so on [19] might
be easily used in CEF, providing more design freedom for
ILC algorithms. It will be an interesting research direction for
the future work to investigate on how to balance two design
methods: the simplicity from CM and the generality from CEF.
II. PRELIMINARIES
The notations R and N represent the set of real numbers
and natural numbers respectively. For a given positive number
ǫ, the order of magnitude in terms of ǫ is represented by O(ǫ).
For any√vector x ∈ Rn , the Euclidean norm, |x| is defined as
|x| , x⊺ x. For a given matrix A ∈ Rn×n , |A| represents
the induced matrix norm. For a square matrix A, λmin (A) and
λmax (A) denotes the minimum and maximum eigenvalue of A.
The matrix In denotes the identity matrix of dimension n. The
symbol i ∈ N denotes the iteration number and the subscript
th
(·)i indicates the signal at the i iteration. For any j ∈ N , the
set of all continuous functions in the interval [0, Tf ], that is
differentiable upto j th order is represented by C j [0, Tf ].
The following definitions of functional norms are used in
this paper .

TABLE I

S UMMARY OF DIFFERENCES BETWEEN CM- BASED AND CEF- BASED METHODS
CM-based Methods

CEF-based Methods

1

Information in iteration domain is needed. Information
in finite time interval is always ignored.

Information in finite-time domain and iteration domain can
both appear in the CEF.

2

Need GLC condition to ensure the boundedness of state
trajectories.

GLC condition can be relaxed.

3

Uniform convergence is achieved

Pointwise convergence is generally achieved.

4

The knowledge of relative degree of plant is required

CEF can relax the requirement of the relative degree.

5

Always yields a convergence condition to ensure contraction. Hence simple and easy to design.

Do not always provide a convergence condition. Selecting
an appropriate CEF is the-state-of-the-art.

6

Commonly deals with output tracking problem

Handles both state tracking and output tracking problem.
This can be used for systems with both parametric, norm
bounded uncertainties and input, state and output constraints.

Definition 1: For any x(·) ∈ Rn which is defined in
C[0, Tf ], the supremum norm, kxks : [0, Tf ] × Rn → R≥0 is
defined as kxks , maxt∈[0, Tf ] |x(t)|∞ , and for any positive
constant λ, the λ - norm, kxkλ : [0, Tf ] × Rn → R≥0 is
defined as kxkλ , maxt∈[0, Tf ] e−λt |x(t)|∞ , where |x|∞ =
maxj∈[1, 2, ··· , n] |xj |.
◦
Remark 1: It is possible to show that kxkλ ≤ kxks ≤
eλTf kxkλ . This implies that the supremum norm and the λ
- norm are equivalent [5, Chapter 2]. These two norms can be
used to show the “uniform convergence” of the tracking error
in the finite time interval [0, Tf ].
◦
Definition 2: For any x(·) ∈ Rn which is defined
in C[0, Tf ], the L2 norm is defined as kxkL2 ,
R
 12
Tf
2
and for any given positive constant λ, the
|x(τ
)|
dτ
0
R
 12
T
2
L2e norm is defined as kxkL2 , 0 f e−λτ |x(τ )| dτ
. ◦
e

Remark 2: For any x ∈ C[0, Tf ], its L2 norm and L2e
norm are equivalent. So the convergence in terms of L2e norm
indicates the convergence of L2 .
◦
III. PROBLEM FORMULATION

Consider an output tracking problem for a nonlinear
multiple-input-multiple-output (MIMO) square1 affine system,
defined for any iteration i:
ẋi
yi

=
=

f (xi ) + G(xi )ui
h(xi ) + D(xi )ui

with x(0) = x0 ,

(1)

where xi ∈ Rn , ui ∈ Rm and yi ∈ Rm are the state,
input and output vector respectively. It is assumed that the
nonlinear mappings f (·) ∈ Rn , G(·) ∈ Rn×m , h(·) ∈ Rm
and D(·) ∈ Rm×m are globally Lipschitz continuous in its
arguments. The matrix D(·) is the direct transmission matrix.
The system (1) performs repetitive tracking over a finite time
interval t ∈ [0, Tf ] where 0 < Tf < ∞. The following
assumptions are needed in a standard ILC design.
Assumption 1: There are positive constants cf , cg , ch and
cd such that for any z1 , z2 ∈ Rn and u ∈ Rm , the following
1

A square system has same the dimension for input and output vectors.

inequalities hold:
|f (z1 ) − f (z2 )|

|G(z1 )u − G(z2 )u|
|h(z1 ) − h(z2 )|

|D(z1 )u − D(z2 )u|

≤

≤
≤
≤

cf |z1 − z2 | ,

cg |z1 − z2 | ,
ch |z1 − z2 | ,
cd |z1 − z2 | .

(2)


Remark 3: This is one of the fundamental assumptions
for CM-based ILC design [5]. It is possible to relax this
assumption as discussed in [4], [20].
◦
Assumption 2: The direct transmission term D(x) is full
rank and the matrix G(x) is full column rank and both matrices
are bounded for all x ∈ Rn .

For a given reference input yr (t) ∈ C[0, Tf ], the output
tracking error is defined as
e(t) , yr (t) − y(t).

(3)

Note that the subscript r is used with control signals to indicate
that it is related to the reference signals and should not be
confused with subscript i that indicate iteration varying system
variables. Note that the reference signal is invariant in the
iteration-domain.
The simplest first order ILC algorithm for (1) takes the form:
ui+1 (t) = ui (t) + Γ(t)ei (t),

i = 1, 2, ..., u1 (t) = 0 (4)

where Γ(t) ∈ Rm×m is a learning gain matrix defined for all
t ∈ [0, Tf ]. Without any loss of generality, the control input is
initialized at zero. i.e. at the first iteration u1 (t) = 0.
Let ur ∈ C[0, Tf ] be the desired reference input, which is
unknown. The “input error” is defined as
δu(t) , ur (t) − u(t).

(5)

The ILC law (4) for the system (1) can either obtain an output
convergence, ei → 0 or an input convergence, δui → 0
based on two different resetting conditions. These two types
of resetting conditions and the corresponding convergence
analysis are discussed in the following subsections.
Remark 4: Note that the transmission matrix, D(x) is a
square matrix and the system (1) has equal number of inputs
and outputs. In such cases there is no basic difference between

the convergence analysis in terms of output error, ei and input
error δui . Differences occur if the dynamic system is a nonsquare system. If D(x) is full column rank then convergence
of the input sequence, {δui } can be performed. If D(x) is full
row rank , then convergence of the output sequence, {ei } can
be performed.
◦
IV. CM-BASED ANALYSIS: A REVISIT
The design and analysis of a standard P-type ILC using
CM methods and its essential features for an output tracking
problem are reviewed in this section.
A. Output Convergence
The convergence in terms of output error is examined in this
subsection, for system (1) satisfying the following resetting
condition.
Assumption 3: The system (1) satisfies the following identical initial condition : (i.i.c : 1) xi (0) = x0 , ∀i ∈ N .

Remark 5: Assumption 3 indicates that the dynamic process
is initiated from the same initial state x0 for all iterations. This
assumption is needed to show the convergence of the tracking
error [5, Chapter 2].
◦
Theorem 1 achieves uniform convergence of output error
sequence using CM methods.
Theorem 1: The system (1) with control law (4) under the
Assumptions 1, 2 and 3 achieves uniform convergence of
the output yi to the reference output yr , if the convergence
condition:
max

x∈Rn , t∈[0,Tf ]

|Im − D(x)Γ(t)|∞ ≤ ρ1

1) Constructing the contraction using input-output relationship using the relative degree, leading to the following
relationship:
ei+1 = (Im − D(xi+1 )Γ) ei − (h(xi+1 ) − h(xi ))
− (D(xi+1 )ui − D(xi )ui )
(6)
2) Ignoring dynamics of the state by using Gronwell lemma
and the time-weighted norm (λ - norm), the dynamics of
the state satisfy the following form:
(7)

where ∆xi+1 = xi+1 − xi .
3) Showing the contraction and prove the convergence by
selecting a sufficiently large λ.
kei+1 kλ

≤
≤

The convergence in terms of input error δui is revisited in
this subsection. Assumption on existence of a reference dynamics and a new resetting condition are required for ensuring
convergence in terms of control input.
Assumption 4: For any given reference output yr ∈
C[0, Tf ], there exist a reference state xr ∈ C 1 [0, Tf ] and a
reference input ur ∈ C[0, Tf ] that satisfy the system dynamics:
ẋr
yr

=
=

f (xr ) + G(xr )ur
h(xr ) + D(xr )ur ,

(9)


Remark 6: Assumption 4 is called matching condition,
which ensures the existence and uniqueness of the desired
control input. If there are two control input signals that can
generate the same reference output, it is hard to ensure the
convergence of the input when output converges. This condition plays an important role when dealing with input saturation
[21]
◦
Assumption 5: The system (1) satisfies the following identical initial condition : (i.i.c : 2) xi (0) = xr (0), ∀i ∈ N .

Remark 7: Assumption 5 indicates that at every iteration
the initial state of system is same as that of reference state.
This is stronger than Assumption 3 which was used for output
convergence.
◦
Theorem 2 achieves uniform convergence of input error
sequence using CM methods.
Theorem 2: The system (1) with control law (4) under the
Assumptions 1, 2, 4 and 5 achieves uniform convergence of
the sequence of control input {ui } to the desired control input
ur , if the convergence condition:
max
|Im − Γ(t)D(x)|∞ ≤ ρ2 < 1
n
x∈R , t∈[0,Tf ]

is satisfied for some 0 < ρ1 < 1.
Proof : The sketch of the proof of the Theorem 1 using CMbased method is summarized as follows

k∆xi+1 kλ ≤ O1 (λ−1 ) kei kλ

B. Input Convergence

kIm − DΓks kei kλ + chd kδxi kλ
ρ̄1 kei kλ
(8)

where ρ̄1 = ρ1 + chd O1 (λ−1 ) and chd = ch + cd .
Next, the convergence of input error sequence,δui , based on
slightly different assumptions is presented.

is satisfied for some positive ρ2 .
Proof : The sketch of proof is similar to that of Theorem 1.
1) Constructing the contraction using input-output relationship from relative degree will lead to the following
relationship:
δui+1 = (Im − ΓD (xi )) δui − Γ (h(xr ) − h(xi ))
− Γ (D (xr ) − D (xi )) ur
(10)
2) Ignoring dynamics of the state by using Gronwell lemma
and the time-weighted norm, the dynamics of the state
satisfy the following form:
kδxi kλ ≤ O2 (λ−1 ) kui kλ
(11)
where δxi = xr − xi .
3) Showing the contraction and prove the convergence by
selecting a sufficiently large λ.

kui+1 kλ ≤ kIm − ΓDks + |Γ| chd O1 (λ−1 ) kei kλ
≤

ρ1 kei kλ

where ρ̄2 = ρ2 + |Γ| chd O2 λ
This completes the proof.

(12)


−1

< 1.

C. Discussions
The results of Theorem 1 and Theorem 2 are well-known
[5]. The following properties of CM-based analysis can be
summarized.
1) The convergence is independent of the system mappings f (·), G(·) and h(·). It is only depended upon

the choice of Γ that satisfies the convergence condition:
|Im − DΓ|∞ ≤ ρ1 < 1 or |Im − ΓD|∞ ≤ ρ2 < 1
for convergence in terms of output or input respectively. Hence the accurate information of transmission
matrix,D(·) is not needed for achieving a perfect tracking
performance [22].
2) The input-to-output mapping plays an important role
(with the concept of relative degree). The dynamics of
the state can be ignored by using Gronwell Lemma and
the time-weighted norm.
3) GLC condition plays an important role in using Gronwall
lemma. Most of the engineered systems do not satisfy
this assumption. CM method can not be directly applied
if the dynamic system is locally Lipschitz continuous
and exhibits some nonlinear phenomenon such as finite
escape.
4) Similar results can be obtained when the relative degree
of the system is more than zero.
V. CEF-BASED ANALYSIS
Different from CM-based analysis, the CEF-based method
has been shown to be a useful analysis tool when the dynamic
system does not satisfy GLC. It can also relax the requirement
for the relative degree. The concept of CEF is similar to
well-known concept of Lyapunov function. For a given CEF,
the proposed ILC algorithm has to show that at each time
instant, the CEF decreases over iteration, achieving a pointwise convergence. Usually, in the CEF-based analysis, there
is no need to have a convergence condition. To the best of
authors’ knowledge, there is no proof of convergence of Ptype ILC (4) using the CEF-based analysis tool.
Next, it will show that how the CEF-based method can
handle the convergence condition for the given P-type ILC (4)
to obtain the same convergence properties.
It is worthwhile to highlight that re-proving the same result
using CEF is not the goal of this paper. The focus here is
to show that the CEF-based analysis tool can be served as a
unified tool in the design and analysis of an ILC algorithm for
various engineering systems. As the complexity of engineering
systems increases, a set of tool-kit is needed to provide
flexibility and design freedom.
A. Output Convergence
This subsection will re-prove Theorem 1 using a novel CEF.
Proof : A novel CEF is proposed as (c.e.f − 1), denoted by
Ei (t), with a positive constant λ, ∀t ∈ [0, Tf ], i ∈ N :
(c.e.f − 1) : Ei =

1 −λt ⊺
e ∆xi ∆xi +
2

Z

1) Non-increasing Energy Function: The difference of CEF,
c.e.f-1: (13), between two iterations ∆Ei+1 = Ei+1 − Ei , i,e.
∆Ei+1

1
2
= e−λt |∆xi+1 | +
2
1
2
− e−λt |∆xi |
2

e−λτ ei ⊺ ei dτ,
(13)

which is initialized with x0 (t) = 0. Therefore at i = 1, ∆x1 =
x1 . The CEF, c.e.f-1: (13) at the current iteration is the sum
of quadratic term of the difference in state variable between
the current and the previous iteration (i.e. ∆xi ) and L2 norm
equivalent of output tracking error at the current iteration which
is defined for all t ∈ [0, Tf ].
The idea behind the proof is to show that the energy function
is non-increasing along the iteration-domain and is bounded.
The leads to the convergence of the output error sequence.

t
0



2
2
e−λτ |ei+1 | − |ei | dτ
(14)

Using system dynamics (1), it is possible to show that
∆ẋi+1 = f (xi+1 ) − f (xi ) + (G(xi+1 ) − G(xi )) ui
+ G(xi+1 )Γei

(15)

Using the resetting condition i.i.c : 1 from Assumption 3,
Assumption 1 and equation (15), the first term in equation
(14) can be expanded as:
1 −λt
2
e
|∆xi+1 |
2
Z t
Z
λ t −λτ
2
e−λτ ∆x⊺i+1 ∆ẋi+1 dτ
e
|∆xi+1 | dτ +
=−
2 0
0
Z
λ t −λτ
2
=−
e
|∆xi+1 | dτ
2
Z t0
e−λτ ∆x⊺i+1 (f (xi+1 ) − f (xi )) dτ
+
Z0 t
e−λτ ∆x⊺i+1 (G(xi+1 )ui − G(xi )ui )dτ
+
0
Z t
e−λτ ∆x⊺i+1 G(xi+1 )Γei dτ
+
0
Z t

λ
2
e−λτ |∆xi+1 | dτ
− cf g
≤−
2
0
Z t
e−λτ |∆xi+1 | |ei | dτ .
(16)
+ gr
0

where gr , maxx∈Rn ,t∈[0,Tf ] |G(x)Γ(t)| and cf g = cf + cg .
Taking the squared norm of (6), the following relation can be
obtained:
2

2

2

|ei+1 | ≤ |(Im − D(xi+1 )Γ) ei | + c2hd |∆xi+1 |
+ 2chd |(Im − D(xi+1 )Γ) ei | |∆xi+1 |

(17)

For the ease of notation, let P1 (xi+1 ) , (Im − D(xi+1 )Γ),
w1 , c2hd , w2 , 2chd maxx∈Rn , t∈[0,Tf ] |(Im − D(xi+1 )Γ)|.
Therefore,


2
2
2
2
|ei+1 | − |ei | ≤ − Im − |P1 (xi+1 )| |ei |
2

+ w1 |∆xi+1 | + w2 |ei | |∆xi+1 |

t
0

Z

(18)

If Γ is selected in such a way that:
max

x∈Rn , t∈[0,Tf ]

|Im − D(x)Γ(t)|∞ ≤ ρ1 < 1

(19)

is satisfied for some positive ρ1 . This also means that
λmin (Im − P⊺1 P1 ) ≤ ρ1 < 1 for all x ∈ Rn and t ∈ [0, Tf ].
Using Young’s inequality, there exists an α > 0 such that:
√

1
α |∆xi+1 | √ |ei |
α
α
1
2
2
≤ |∆xi+1 | +
|ei | .
2
2α

|∆xi+1 | |ei | =

(20)

Finally, substituting equations (16), (18) and (20) back into
equation (14) results in
Z t

λ
2
− O3 (α)
e−λτ |∆xi+1 | dτ
∆Ei+1 ≤ −
2
0
Z
 t −λτ
2
−1
e
|ei | dτ
− ρ1 − O4 (α )
0

1
2
− e−λt |∆xi |
2

(21)

where O3 (α) , cf g + w1 + α2 (w2 + gr ), O4 (α−1 ) ,
1
2α (gr + w2 ). For a given ρ1 , there exists a sufficiently large
α such that ρ1 > O4 (α−1 ). For that α, there exists a λ >
2O3 (α), such that difference of CEF satisfy: ∆Ei+1 (t) ≤ 0,
for t ∈ [0, Tf ] i.e., composite energy is non-increasing in the
iteration-domain.
th
2) Convergence Property: Firstly c.e.f-1:
Pk(13), at k iteration can be written as Ek (t) = E1 (t) + j=2 ∆Ek (t). This
means that limk→∞ Ek (t) exists and
lim Ek (t) = E1 (t) + lim

k→∞

k→∞

j
X
j=2

∆Ek (t) ≤ E1 (t). (22)

as ∆Ek (t) ≤ 0 for k ∈ N , t ∈ [0, Tf ]. The series {Ek (t)}k∈N
is bounded, if E1 (t) is finite.
2
1 −λt
From (c.e.f − 1): (13), E1 (t)
=
|x1 | +
2e
R t −λτ
2
e
|e1 | dτ as ∆x1 = x1 . Also the control input is
0
initialized at u1 = 0. From the system dynamics (1), this leads
to ẋ1 = f (x1 ) and y1 = h(x1 ). Due to Assumption 1, by
invoking the existence and uniqueness theorem [19, Theorem
2.2], there exists a unique solution to ẋ1 = f (x1 ); y1 = h(x1 )
with x(0) = x0 over a finite interval t ∈ [0, Tf ] and there
exists an upper-bound for all the trajectories in the finite time
interval. This establishes the uniform boundedness of x1 , e1
and E1 in t ∈ [0, Tf ].
Pk
In addition, j=2 ∆Ek (t) converges. From the convergence
theorem [23], as the sum of the series converges to zero, the
series converges, leading to pointwise convergence of {Ek (t)},
i.e limk→∞ ∆Ek (t) = 0, ∀t ∈ [0, Tf ]. Specifically, there exists
positive constants Lλ > λ2 − O3 (α) > 0 and Lρ > ρ1 −
O4 (α−1 ) > 0 such that, when t = Tf , (22) yields
Z Tf


2
2
lim
e−λτ Lλ |∆xi | + Lρ |ei | dτ = 0,
i→∞

0

lim k∆xi+1 kL2 = 0 and lim kei kL2 = 0

i→∞

i→∞

e

e

(23)

Therefore the sequence {ei }i∈N converges to zero in L2 [0, Tf ]
norm.
Using (17) and Young’s inequality relation, there exists some
0 < αs < 1, which satisfies ρs = ρ1 + αs < 1 such that
2

2

|ei+1 | ≤ ρs |ei | + γ(αs ) |∆xi+1 |

2

(24)

for some class-K function γ. This will ensure that the tracking
error will be uniformly bounded over iteration, leading to the
uniform convergence of the tracking error. This completes the
proof.
Remark 8: The construction of CEF is the state-of-the art as
finding the appropriate Lyapunov candidate for a dynamic system. Another possibility in CEF is to use
R t ∆ui+1 = ui+1 − ui
instead of ei . Under such a situation, 0 e−λτ ∆ui+1 ⊺ ∆ui dτ
can be used as the second term in (c.e.f − 1): (13) instead
R t −λτ ⊺
e
ei ei dτ . In a simple first order feed-forward ILC, there
0
is no difference between these two terms. If a higher-order

ILC [24] is taken into consideration, then ∆ui is a suitable
candidate in the energy function.
◦
B. Input Convergence
Similar to Section V-A, Theorem 2 will be re-proved in this
section using CEF-based techniques.
Proof : For the proof of convergence of input, a new CEF,
(c.e.f − 2), Ei is introduced in this section. For any given
λ > 0, ∀t ∈ [0, Tf ], i ∈ N , Ei is given by
Z t
1
e−λτ δu⊺i δui dτ,
(c.e.f − 2) : Ei = e−λt δx⊺i−1 δxi−1 +
2
0
(25)
which is initialized at x0 (t) = 0. Therefore δx0 = xr . Note
the CEF c.e.f-2: (25) at current iteration has a quadratic term
of state tracking error from previous iteration.
1) Non-increasing Energy Function: The difference of CEF,
c.e.f-2: (25),
Z t


1
2
2
2
∆Ei+1 = e−λt |δxi | +
e−λτ |δui+1 | − |δui | dτ
2
0
1 −λt
2
− e
|δxi−1 | ,
(26)
2
It is possible to show that
δ ẋ =f (xr ) − f (x) + (G(xr ) − G(x))ur + G(x)δu (27)
Using Assumption 5 and (27), the first term in c.e.f-2: (26) can
be written as:
Z t
Z
λ t −λτ
1 −λt
2
2
e−λτ δx⊺i δ ẋi dτ
e
|δxi | dτ +
e
|δxi | = −
2
2 0
0

Z t
λ
2
−λτ
≤−
e
|δxi | dτ
− cf g
2
0
Z t
(28)
e−λτ |δxi | |δui | dτ .
+ g0
0

where g0 , maxx∈Rn |G(x)|. For the ease of notation,
let w4 , 2rc maxx∈Rn , t∈[0,Tf ] |(Im − ΓD(xi ))|, P2 (xi ) ,
(Im − ΓD(xi )), w3 , rc2 , rc = |Γ| chd .
Taking the squared norm of (10) and substituting in the
2
2
expression: |δui+1 | − |δui | , results in the following relation:
2

2

2

2

|δui+1 | − |δui | ≤ −ρ2 |δui | + w3 |δxi | + w4 |δxi | |δui |
(29)
where ρ2 satisfies λmin (Im − P⊺2 P2 ) ≤ ρ2 < 1 for all x ∈ Rn
and t ∈ [0, Tf ].
Using Young’s inequality relation, there exists an α > 0
such that:
1
α
2
2
|δui | .
(30)
|δxi | |δui | ≤ |δxi | +
2
2α
Finally, substituting equations (28), (29) and (30) back into
equation (26) results in

Z t
λ
2
∆Ei+1 ≤ −
e−λτ |δxi | dτ
− O5 (α)
2
0
Z
 t −λτ
2
e
|δui | dτ
− ρ2 − O6 (α−1 )
0

1
2
− e−λt |δxi−1 |
2

(31)

where O5 (α) , cf g + w3 + α2 (w4 + g0 ) and O6 (α−1 ) ,
1
2α (g0 + w4 ). Similar to the previous case, we can show that
∆Ei+1 (t) ≤ 0 for a suitable choice of λ and α.

Convergence Property: Similar to the analysis and conclusions in convergence property from Section V-A, the pointwise
convergence of the sequence can be obtained, followed by the
uniform convergence of control input.
Using the same inequality as in (22), the sequence of energy
function (c.e.f − 2), {Ek (t)}k∈N is point-wise bounded, if
E1 (t) is finite. For this CEF (c.e.f − 2), x0 = 0 and u1 = 0
by definition. This yields:
Z t
1
2
2
e−λτ |ur | dτ
(32)
E1 (t) = e−λt |xr | +
2
0
As per Assumption 4, xr and ur are uniformly continuous
functions and is bounded. Hence E1 (t) is finite for all t ∈
[0, Tf ].
There exists positive constants Nλ > λ2 − O6 (α) > 0 and
Nρ > ρ2 − O6 (α−1 ) > 0 such that, when t = Tf :
lim

i→∞

Z

Tf
0



2
2
e−λτ Nλ |δxi−1 | + Nρ |δui | dτ = 0,

lim kδxi−1 kL2e = 0 and lim kδui kL2e = 0

i→∞

i→∞

(33)

Therefore the sequence {δui }i∈N and {δxi }i∈N converges
in L2 [0, Tf ]. By using Barbalet lemma in (27), the uniform
boundedness of δxi can be ensured. Hence uniform convergence of {δxi } can be ensured.
The proof of the uniform convergence of the input error is
similar to the proof of uniform convergence of output error
using CEF. This completes the proof.
The following statements can be summarized from the CEFbased methods.
1) In CEF-based analysis, the effect of system dynamics is
neglected which is similar to CM-based analysis.
2) CEF-based analysis naturally leads to point-wise convergence as observed as it is shown that CEF decreases at
each time instant. Other techniques are needed to show
the uniform convergence such as uniform boundedness
of the signals, equicontinuity of the signal (see Ascoli’s
theorem in [13], [25]) or Barbalat’s Lemma [4], [18].
3) Convergence condition is used along with Young’s inequality in the convergence analysis of CEF. In future
work, how to systematically design a suitable CEF for a
given class of systems with available knowledge will be
exploited.
As CEF can handle a large class of nonlinear systems
without GLC condition and less restrictive requirement of the
relative degree [4], [5], this work shows that CEF can be used
to re-prove the convergence of P-type ILC, in which the ILC
law was designed based on CM method. This indicates that
CEF can be served as a unified analysis tool to show the
convergence of an ILC algorithm.
VI. CONCLUSION
The well-known P-type ILC algorithms were designed based
on contraction mapping method. By re-visiting and re-proving
the convergence of P-type ILC algorithm using a novel CEF
method, this paper demonstrates that the CEF-based method
can be used as a unified tool in the convergence analysis of any
ILC algorithm. Future work will explore new design framework
that can balance between the simplicity of CM-based method
and generality of CEF-based method.
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