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Abstract—In this paper, a model predictive control is developed
for motion planning and control of nonholonomic autonomous
forklifts. The proposed model predictive motion control (MPMC)
determines the control inputs for tracking a desired path through
minimising path-following error, subject to nonholonomic and
dynamic balance constraints of the forklift. MPMC also automatically adjusts the tracking velocity and acceleration to traverse
the path as fast as possible without violating constraints while
minimising the tracking error. In order to facilitate the real-time
implementation of MPMC for industrial applications, a successive
online linearisation of the nonlinear discrete-time kinematic
model of the forklift is employed along with linear time-varying
approximation of the tracking errors. The effectiveness of the
proposed method has been demonstrated through simulations.

I. INTRODUCTION
Forklifts are the most common goods handling vehicles
extensively used in different types of industries. In recent
years, there has been a growing interest in automating the
forklift vehicles in order to minimise human mistakes and
improve the operational safety [1]–[4]. This paper focuses on
motion control of autonomous forklifts. Motion controllers aim
at controlling the vehicle to track a predetermined geometric
path generated by path planning algorithms.
In industrial autonomous forklifts, it is required to track a
geometrically planned path in the shortest time with maximum
path tracking accuracy while subject to dynamic balance constraints to prevent it from toppling in a constrained space such
as warehouse. Toppling is a concern for forklift vehicles where
high accelerations, velocities and sharp turns are concerned
but added to this is the ability to move the forks and handle
a payload.
In [4]–[7], forklifts are considered as mobile robots while
motion planning of mobile robots has focused on low speeds
which ignores the momentum of the robot. In some other
literature [8], [9], forklifts are treated as mobile manipulators
which takes into account the dynamic stability in motion
planning and control algorithms. However, these algorithms require dynamic parameters such as torques, forces and frictions
to be estimated for modelling, which in general is difﬁcult,
particularly in industrial applications.
Moreover, most of the existing motion controllers for mobile
manipulators are based on the trajectory tracking algorithms
whereby a path generation algorithm at a higher level convert
the desired path to a time-dependent reference trajectory and
then at a lower level controller is used to reduce the trajectory
tracking error. However, an alternative approach is to minimise
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path tracking error, deﬁned as the normal distance between
the current position of the forklift and the desired path [10].
Therefore, it is not necessary to track the time parameterised
reference trajectory accurately, as long as the system follows
the desired path.
Path tracking algorithms typically results in a smoother convergence to a path for path-following controllers in comparison
to trajectory tracking ones [11]. Moreover, it provides an extra
degree of freedom in selecting the tracking speed. This is in
particular is of interest in the cases that the path is required to
be traversed at high speed to maximise productivity, specially
in industrial applications [12]. However, due to vehicle balance
constraints and system dynamics, this may lead to reduced
accuracy which results in a compromise between tracking
speed and accuracy. Therefore, time optimal planning of the
reference trajectory should be considered while respecting
system dynamic balance constraints.
The authors [13] have recently proposed a dynamic balance
metrics based on zero moment point and barycentric coordinate system that calculates constraints on forklift velocity
and accelerations. The advantage of this method is that it
only requires inertia and centre of gravity (CoG) of the
forklift. In this paper ,the proposed dynamic balance metrics
is incorporated in trajectory planner without considering pathfollowing and motion control of the forklift.
The model predictive control (MPC) is one of the promising
controllers that can handle the constrains and address timeoptimal requirements of the system. In [14], a model predictive
based path-following control (MPFC) is used to combine
nonlinear MPC approaches with time-optimal path tracking
control. The MPFC essentially plans and follows the path
within the same control loop and removes the need for a
higher level control to adjust the path speed for trajectory
generation. Nevertheless, the MPFC in [14] requires solving
nonlinear optimisation problem which is difﬁcult for real-time
applications. An extension of the MPFC framework for realtime implementation is proposed in [15] denoted as model
predictive contouring control (MPCC). This controller also
takes into account the trade-off between productivity and
accuracy in the cost function in contrast to MPFC which tries
to drive the path-following error to zero. However, MPCC is
only considered for linear systems and formulated for biaxial
contouring control applications.
The objective of this paper is to propose model predictive
motion control (MPMC) as an extension of [14] and [15] for

motion planning and control of nonholonomic autonomous
forklifts. The MPMC provides a comprehensive framework
that integrates the constraint handling capabilities of MPC with
time-optimal motion planning and control of forklifts, while
also allowing real-time implementation of the control scheme.
The compromise between speed and accuracy of the autonomous forklift is also addressed by the choice of weights
in the cost function similar to [15]. This allows the autonomous
forklift to deviate from the desired path in order to traverse
the path at higher speed. Moreover, in contrast to continuous
feedback controller that requires taking into account the nonholonomic constraints of the forklift in path generation stage,
the MPMC is able to handle the nonholonomic constraints of
the forklift in one optimisation loop. The computational burden
due to the nonlinear MPC structure of path-following control
is also reduced by successive online linearisation of the plant
model and desired path function about the current operating
point at each time step.

Consider the kinematic model of a nonholonomic autonomous forklift with rear driving-steering wheel in the
inertial frame x − y as (Fig. 1):
⎡
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where x and y are the forklift positions and θ is the forklift
orientation in the Cartesian inertial frame, α is the steering
angle, v is the linear velocity of the driving wheel, ω is the
the angular velocity of the steering wheel and R is the radius of
the forklift instantaneous centre of rotation. R is also the radius
of curvature, R = l/ sin α where l is the length of forklift. The
distance between the two passive wheels at points B and C is
deﬁned as forklift track, d.
The body frame xb − yb is centred at point O and the
kinematic model in this frame is:
⎡
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This frame will be used used in the dynamic balance calculations as explained in the following section.
As mentioned in the Introduction, in order to reduce the
computational burden, a linear time-varying model of the
forklift is used in MPMC. Consider the following linear timevarying discrete-time kinematic model of a nonholonomic
forklift:

where ξk = [xk yk θk αk ]T , uk = [vk wk ]T and Ak , Bk are:
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Schematic of Non-collocated rotor and stator
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ξk+1 = Ak ξk + Bk uk ,

y

(3)

where k states the current time step and Ts is the sample time.
The forklift system is subject to input and state constraints due
to the limits for linear and angular velocity and accelerations
of the driving wheel in addition to dynamic balance constraints
as explained in the following section.
III. DYNAMIC BALANCE C ONSTRAINTS
The dynamic balance is considered in the form of the zero
moment point (ZMP) [13] . The ZMP describes a point on
a ﬂat surface that no moments acting on the system. If the
ZMP lies within the support polygon (SP), the convex polygon
ABC in Fig. 1, then the system is dynamically balanced. The
d’Alembert formulation of the ZMP for the forklift shown in
Fig. 1, assuming symmetric structure around y axis, can be
represented as:
xZMP

=

yZMP

=

zZMP

=

axb
IGyz 2
)+
ωz
g
mg
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IGyz
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(4)
(5)
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where (xCoG , yCoG , zCoG ) is the position of centre of gravity
(CoG) in body frame xb − yb − zb , IGyz is the second moment
of inertia around yb − zb , axb and ayb accelerations in xb and
yb direction, m is the overall mass of the forklift and load and
ωzb = θ̇ and αzb = θ̈ are the angular velocity and acceleration
of the forklift around zb axis at point O.

It should be noted that this formulation of the ZMP assumes
planar motion. This assumption may be used if we consider
many forklifts experience only planar surfaces such as in a
warehouse environment, or freight distribution centre.
Considering the ZMP inside the SP of the forklift, then the
constraints on ZMP will result in the following inequalities:
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Path-following errors of a nonholonomic autonomous forklift

where vdk is an extra input to be determined by the controller
at time step k. It should be noted that based on the above
equation, forklift can traverse the path in reverse direction.
As shown in Fig. 2, the path-following error is deﬁned
similar to [10] as the normal deviation from the desired path,
ε c . However, the calculation of the reference path parameter
ψ r and therefore the error ε c is not practical in real-time
implementations. As a result, ψk which is deﬁned in (12) is
used as an approximation of ψr . With this approximation, the
path-following errors are obtained as:
ε̂ c = (xk − xd (ψk )) sin φ (ψk ) − (yk − yd (ψk )) cos φ (ψk ), (13)
ε̂ l = (xd (ψk ) − xk ) cos φ (ψk ) − (yk − yd (ψk )) sin φ (ψk ), (14)
(15)
ε̂ o = φ (ψk ) − θ ,

IV. PATH - FOLLOWING F ORMULATION
The purpose of the path-following algorithm is to produce
control signal (v, ω) such that the forklift follows a given
geometric path with maximum feasible speed without violating
the forklift dynamic balance constraints.
Consider the desired path as (xd (ψ), yd (ψ)) which is parameterised by path length ψ. Using spline curves for approximation of the path length [16], for each path parameter ψ, xd (ψ)
and yd (ψ) can be calculated. Assuming the desired velocity
of path following, vd , and path parameter, ψ as the distance
travelled along the path, the following dynamics is amended
to the kinematic model (3):
|vdk | < vdmax

φ(ψk )

φ(ψ )

(9)
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The above inequality shows that the calculation of the constraints on forklift velocities and accelerations only requires
position of CoG, inertial, size and mass of the forklift. Additionally, considering the kinematic model of the forklift in the
body frame, we obtain: axb = v̇, xyb = 0, ωzb = θ̇ and αzb = θ̈ .
As a result, dynamic balance requirement implies constraints
on the inputs and states of the the forklift kinematic model.

ψk+1 = ψk + vdk ,

(xd (ψk ), y d (ψk ), θ d (ψk ))

(8)

Substituting xZMP and yZMP in these equations leads to the
following constraints on forklift velocities and accelerations:
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and
φ (ψk ) = arctan
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,
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(16)

where ε̂ c , ε̂ l and ε̂ o are approximations of the cross-track,
longitudinal and orientational errors.
After introducing the path-following errors, the cost function for model predictive motion control (MPMC) formulation
at time step k is considered as:
N

T
Qε ε̂k+i,k − qψ ψk+i,k + ΔūTk+i−1,k Ru Δūk+i−1,k ,
Jk = ∑ ε̂k+i,k
i=1
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where N is the prediction horizon, the subscript k +i, k denotes
the prediction at time k + i predicted at time k, Qε , qψ and R
are the weighs coefﬁcients reﬂecting the relative importance

of path-following error, path-following speed and changes in
the control inputs.
Since the desired path (xd (ψk ), yd (ψk )) is nonlinear function
of ψ in the path-following errors, the cost function (17)
leads to nonlinear optimisation problem. In order to reduce
the computational effort for real-time implementation using
linearisation and at the same time keep the linearisation
error small, the nonlinear path function is linearised around
operating point of the system. This leads to linear time-varying
approximation of the path-following errors.
Then, implementation of the LTV MPMC for path-following
of a nonholonomic autonomous forklift can be obtained
through solving the following optimisation problem using
quadratic programming (QP) approach:
Minimize
Subject to

Jk
ξk+1 = Ak ξk + Bk uk ,
ψk+1 = ψk + vdk ,
ψk,k = ψk ,
M [axb ayb ωz2b αzb ]T < N,
|vdk | < vdmax
0 ≤ θk < π/2
umin ≤ u ≤ umax

(18)

The implementation procedure is summarised in the following algorithm:

be noted that productivity of the forklift operation depends
on both accuracy and speed. For instance, if the desired
path is the shortest path between the start and end point of
the forklift operation, large deviation from the path to move
faster will result in travelling longer path that may lead to
lower productivity. Therefore, an appropriate tuning of the
weighting matrices is required depending on the deﬁnition of
the productivity for a speciﬁc forklift.
Thirdly, the dynamic balance constraints of the forklift (11)
is included in the optimisation problem which ensures the
stability of the forklift at all conditions. Due to the use of
LTV approach for MPMC, the dynamic balance constraints
can be time-varying as well. For instance, if CoG of the forklift
changing during the path-following procedure, due to change
of the load position, this variation can be updated in the next
step of the optimisation problem.
Finally, the nonholonomic constraints of the forklift are
included in the optimisation problem through including the
kinematic of the forklift as a constraint in the MPMC formulation (18). In most of the existing path tracking algorithms,
the nonholonomic constraints should be explicitly taken into
account in generation for the desired path. For example,
different approaches such as Simple Continuous Curvature
(SCC) [17] and Double Continuous Curvature (DCC) [18] are
used to produce continuous curvature path for tracking of the
forklift. As a result, simple optimal algorithms such as Dubins’
path which does not satisfy the nonholonomic constraints, can
be used as a desired path for MPMC.

Algorithm 1 Implementation of LTV MPMC algorithm
1:
2:
3:
4:
5:
6:
7:
8:

Initialise the desired speed vd (0) and forklift states ξ (0)
Calculate path parameter ψ using desired speed vd (0)
Linearise desired path (xd , yd ) around ψ
Compute dynamic balance constraints using (11)
Solve optimisation problem (18)
Send the ﬁrst element of u
Calculate path parameter ψ using current vd
Go to Step 3

VI. S IMULATION R ESULTS
In this section, the proposed MPMC is demonstrated using
a three wheeled miniature forklift model for tracking a given
geometric path. This miniature forklift will be used in the
future to experimentally verify the approach before use on real
forklifts. This miniature forklift resembles the Hyster R1.4
Reach Truck. The dimensions of the miniature forklift are
summarised in Table I.
TABLE I
M INIATURE MODEL FORKLIFT PARAMETERS

V. M AIN F EATURES OF MPMC FOR I NDUSTRIAL
A PPLICATIONS
In this section, the main features and capabilities of the
MPMC in comparison to the existing approaches are highlighted.
First of all, in contrast to the trajectory tracking algorithms
which requires the path speed to be determined in advance
in a separate high level path generation procedure, MPMC
automatically adjusts the path speed vdk at each step of the
optimisation.
Secondly, the trade-off between path-following accuracy
and speed is reﬂected in the optimisation problem through
adjusting the weighting matrices Qε and qψ , respectively.
Therefore, in the cases that it is desired to traverse the path
faster while allowing the forklift to deviate from the desired
path, the higher qψ is used in the formulation (17). It should

Parameter
Forklift length
Forklift track
Total mass of forklift and load
CoG
Moment of inertia

Value
l
d
[xCoG,yCoG ,zC oG ]
IGyz

0.5
0.6
13.6
[−0.2, 0, 0.8]T
0.17

m
m
kg
m
kg.m2

The desired path includes two segments, an arc and a
straight line. It should be noted that the connections between
these segments do not satisfy continuous curvature condition
required with most of the path tracking controllers for nonholonomic vehicles.
The model predictive motion control was simulated for the
forklift model to track a geometric path. The simulations are
performed for different values of the path speed weighting,
qψ , while keeping the other weighting constant with N = 10,
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Path-following results with path speed weighting qψ =2 and zCoG = 0.8; red-dashed-line shows the desired path and corresponding states.

Qε = 100 × I, and Ru = 0.2 × I. The constraints on driving and
steering speeds are −1 ≤ v ≤ 1 and −1 ≤ ω ≤ 1, respectively.
The initial conditions are ξ (0) = [0; 0; 0; 0] and vd (0) = 0.
The path-following performance of the proposed MPMC
with path speed weightings qψ = 2 is shown in Fig. 3.
The simulated model forklift follows the desired path while
respecting input and dynamic balance constraints. It traverses
the path with lower speed while turning and then moves with
maximum speed, v = 1, on the straight line segment.
The path-following results for qψ = 10 is shown in Fig. 4.
The results show that for qψ = 10, the forklift traverse the path
faster compared to qψ = 2 in Fig. 3, but the deviation from
desired path is larger. This demonstrates the trade-off between
path-following accuracy and speed as explained in Section V.
In order to evaluate the performance of MPMC when the
dynamic balance constraints are varying, the location of CoG
in z-axis is changed from zCoG = 0.8 to zCoG = 1. The results
are shown in Fig. 5. It can be observed the path-following
speed is lower while the forklift is turning and then tracks the
path with maximum speed.
VII. C ONCLUSIONS AND F UTURE W ORKS
In this paper, a model predictive based motion control
algorithm is developed for nonholonomic autonomous forklifts. The proposed algorithm integrates time-optimality with

nonholonomic and dynamic balance constraint of the forklift
while also allowing real-time implementation for industrial
applications.
The simulation results demonstrated the effectiveness of
the MPMC for motion control of autonomous forklifts. The
implementation of the MPMC on a miniature forklift will be
performed as the future work.
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