History and introduction to polygon
models, polyominoes and polyhedra
Anthony J Guttmann

*The genesis and history of self-avoiding polygons, polyominoes and polyhedra embedded in a regular space lattice is discussed, as is the related problem
of tilings. We establish some basic notation and describe the connection with
statistical mechanics. Throughout, our focus is to outline what is known and
what remains unknown, and to discuss how the topic of the book is developed
in the subsequent chapters.

1 Introduction
In this book we will primarily be concerned with the properties and applications of self-avoiding polygons (SAP). Two closely related problems are those
of polyominoes, and the much broader one of tilings. We will describe and
discuss polyominoes, and, in the context of a discussion of SAP, will briefly
mention relevant aspects of the subject of tilings. In passing we will also concern ourselves with a discussion of some properties of polyhedra. It will also
turn out to be appropriate to discuss self-avoiding walks (SAW), as SAP can
usefully be simply related to a proper subset of SAW.
In all cases we shall be considering paths on a regular lattice. This will
most often be the two-dimensional square lattice Z2 , or its three-dimensional
counterpart, Z3 , called the simple-cubic (sc) lattice, or its higher dimensional analogue Zd , called the (d-dimensional) hyper-cubic lattice. Other
two-dimensional lattices, such as the triangular (t) and hexagonal (h) lattices, and other three-dimensional lattices, such as the body-centred cubic
(bcc), face-centred cubic (fcc) and tetrahedral or diamond (d) lattices will
also be mentioned.
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1.1 Definitions and notation
Let L be some regular d-dimensional lattice. Then an n-step self-avoiding walk
(SAW) ω on L is a sequence of distinct points ω0 , ω1 , ..., ωn in L such that
each point is a nearest neighbour of its predecessor. We assume all walks to
begin at the origin (ω0 = 0) unless stated otherwise. A typical SAW is shown
below.

If the end-point of a SAW, x is adjacent to the origin ω0 , an additional
step joining the end-point to the origin will produce a self-avoiding circuit,
which has been referred to in earlier literature as a self-avoiding return. An
example is shown below:

The distinction between a self-avoiding circuit and a self-avoiding polygon
is that the former is both rooted and directed. An n-step SAP can have
any of its n vertices as the root, or starting point, and it can be traversed
in two directions. Thus if there are pn SAPs of perimeter n, there are 2npn
self-avoiding circuits of perimeter n. More descriptively, a SAP is a closed,
connected, non-intersecting, undirected path on a lattice. We consider two
given SAW (or SAP) to be equivalent if they are translates of one another.
Thus, on the square lattice, the first non-zero embedding of a SAP is the unit
square, of perimeter 4 and area 1. If we denote by pm the number of SAP of
perimeter m, by an the number of SAP of area n, and by pm,n the number of
SAP of perimeter m and area n, we can define two single variable generating
functions, for perimeter and area respectively, and a two-variable generating
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function, as follows:
P (x) =

X

p m xm ,

(1)

m

X

an q n

(2)

pm,n xm q n .

(3)

A(q) =

n

P(x, q) =

X
m,n

Turning briefly to SAWs, let cn be the number of n-step SAWs on a lattice
L starting at the origin and ending anywhere. Then the SAW generating
function is defined to be
X
C(x) =
c n xn .
n

If one joins an n-step and an m-step SAW end-to-end, one will either obtain
an n + m step SAW, or a non-self-avoiding walk. A moment’s thought then
yields the inequality cn+m ≤ cn cm . This is a sub-multiplicative inequality,
apparently first discussed by Fekete [12], from which follows the existence of
the growth constant1 µ > 0, given by
µ = lim c1/n
= inf c1/n
n
n .
n→∞

n

Kesten [30, 31] has proved the stronger result that µ2 = limn→∞ cn+2 /cn ,
and O’Brien [41] has proved that cn > cn−1 for all n, yet there is still no
proof that µ = limn→∞ cn+1 /cn , for d = 2,
3,
4. We note in passing
that a number of authors have explicitly stated, or implicitly assumed, this
to be true. While it probably is, it must be remembered that no proof exists.
Hammersley [20] similarly proved that pm grows exponentially with m,
more precisely that
1/2m
µ = lim p2m .
m→∞

While far from obvious, it is true that the growth constants µ that arise in
the polygon case and the walk case are identical [20]. While unproven, a much
stronger result is widely believed, notably that
pm ∼ const × µm mα−3 ,

(4)

where α is a critical exponent2 . (Note that p2m+1 = 0 for SAP on Zd , as only
polygons with even perimeter can exist on those lattices. For such lattices the
above asymptotic form is of course only expected to hold for even values of
m. For so-called close-packed lattices, such as the triangular or face centred
1

Some authors refer to this quantity as the connective constant, but the term connective constant originally referred to log µ. Contemporary usage seems to favour the former
meaning.
2

The notation am ∼ bm means that limn→∞ ab m = 1.
m
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cubic lattices, polygons of all perimeters greater than two are embeddable,
so eqn. (4) stands as stated).
Another quantity of interest for SAW is cn (x), the number of n-step SAWs
on L starting at the origin and ending at x. Then cn (defined above) and cn (x)
are believed to have the asymptotic behaviour as n → ∞;
cn ∼ const × µn nγ−1

n α−2

cn (x) ∼ const × µ n

(5)
(x fixed 6= 0)

(6)

where the growth constant µ is defined above, and γ and α are critical
exponents. The growth constant depends on the lattice, so changes as one
changes from, say the square lattice to the triangular lattice. The critical
exponents, by contrast, are expected to depend only on dimensionality, and so
do not change from lattice to lattice (for lattices of the same dimensionality).
As shown above, the existence of the exponential growth term µn is known
rigorously, while the existence of sub-dominant terms nγ−1 and nα−2 is believed by all reasonable men (and women), but even the existence of the
exponents remains unproved for lattices of dimensionality d < 5. Rigorous
results concerning the asymptotic behaviour of the properties of SAW and
SAP will be given in the next chapter by Whittington.
Indeed, in two dimensions, it is widely accepted, due to the Coulomb gas
calculations (see Chapter 14) of Nienhuis [39] that γ = 43/32 and α = 1/2
exactly. In three dimensions only numerical estimates are available3 , notably
γ ≈ 1.158 and α ≈ 0.2372 and there is no reason to expect the exponents
to be rational, while in four dimensions and more mean-field exponents are
expected. That is to say, α = 0 and γ = 1.
In exactly four dimensions there are also confluent logarithmic terms,
which vanish in higher dimensions. In four dimensions, one expects cn ∼
const × µn nγ−1 (log n)1/4 . Recently, for a hierarchical four dimensional lattice, Brydges and Imbrie [3] proved the presence of the confluent logarithmic
term, though no proof is currently known for SAW on a regular lattice. For
d > 4 Hara and Slade [22, 23] have proved that γ = 1.
This can be understood heuristically, as with increasing lattice dimensionality, the self-avoiding constraint becomes less significant. If a direction is
blocked, the walker can escape to another dimension. Above four dimensions,
the self-avoiding constraint is sufficiently weakened that the walks behave
like random walks, albeit an exponentially small subset. In four dimensions,
which is the so-called marginal dimensionality, the self-avoiding constraint is
just strong enough to modify the random walk behaviour by the addition of
confluent logarithmic terms in the singular part of the generating function.
These remarks will be quantified in Chapter 6.

3

These estimates come from Monte Carlo estimates, series estimates and field theory
estimates [36, 2, 34]. The three techniques give results that typically agree up to variations
in the last quoted figure.
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To prove the existence and value of the critical exponents in two dimensions, the most promising route appears to be based on recent beautiful work
by Cardy, Lawler, Schramm, Smirnov, Werner and others [35]. It will be necessary to prove the existence and conformal invariance of the scaling limit for
self-avoiding walks. If, as expected, the scaling limit is described by stochastic
Löwner evolution, parameterised by 8/3, known as SLE8/3 , the existence
and value of γ for two-dimensional lattices would follow, as would a number
of other results. These remarks will be explained in detail in Chapter 15.
The exact value of µ is not generally known, but for the specialqcase of the
√
two-dimensional hexagonal lattice, it is accepted [39] that µ = (2 + 2).
For other two-dimensional lattices we have very accurate numerical estimates,
notably µ = 2.63815853031.. for the square lattice, and µ = 4.150797226.. for
the triangular lattice. Indeed, for the square lattice note that the estimate
above is indistinguishable from the root of the polynomial 581x4 + 7x2 − 13,
an observation first made by Conway et al. in 1993 [6]. For other lattices, in
both two and three dimensions, see the Appendix.
Next we define several measures of the size of a n-step SAWs and SAPs.
For SAWs:
• The squared end-to-end distance is

Re2,(saw) = ωn2 .

(7)

• The squared radius of gyration is
Rg2,(saw) =

n
X
1
(ωi − ωj )2 .
2(n + 1)2 i,j=0

(8)

• The squared distance of a monomer from the endpoints is
n

2,(saw)
Rm
=

X

1
ωi2 + (ωi − ωn )2 .
2(n + 1) i=0

(9)

For SAPs only the second of these three quantities is analogously defined:
• The squared radius of gyration of a SAP of perimeter n is
Rg2 =

n
1 X
(ωi − ωj )2 .
2n2 i,j=0

(10)

The analogue of the end-to-end distance is usually taken to be the caliper
span of the polygon, which is defined to be the maximum Euclidean distance between any two sites (monomers, in the language of polymers) of the
polygon.
If one is considering rooted polygons (where one site is nominated as the
origin), one could readily define the mean-square distance of a monomer from
the origin, but this quantity has not been considered of much interest.

6

Anthony J Guttmann

2
We then consider the mean values hRe2 in , hRg2 in and hRm
in in the probability distribution that gives equal weight to each n-step SAW. Very little
has been proven rigorously about these mean values, but they are believed
to have the leading asymptotic behaviour

2,(saw)
hRe2,(saw) in , hRg2,(saw) in , hRm
in , hRg2,(sap) in ∼ const × n2ν

(11)

as n → ∞, where ν is another (universal) critical exponent. Hyperscaling [44]
predicts that
dν = 2 − α .
(12)
For SAWs in two dimensions, Coulomb-gas arguments [39, 40] as well
as arguments based on stochastic Löwner evolution (SLE) [35] predict that
ν = 3/4. Note that this result is not rigorous. In three dimensions we have
only numerical estimates ν ≈ 0.5876,4 a result which encompasses a variety
of series, Monte Carlo and field theory estimates [36, 2, 34], while at the
upper critical dimension of 4, it is believed (but not proved) that ν = 1/2
2,(saw)
with logarithmic corrections, notably hRe
in ∼ const.×n(log n)1/2 while
for d > 4 the mean-field value ν = 1/2 holds. This is a rigorous result (see
the chapter by Clisby and Slade).
As noted above, because polygons are closed, it is almost as natural to
ask for their enumeration by area, as by perimeter5 . For specificity, consider
polygons on the square lattice. Recall that an denotes the number of polygons
of area n. Then by concatenation arguments, similar to those given above for
SAWs, it is possible to prove that
κ = lim a1/n
n
n→∞

exists. Further, it is universally believed that
an ∼ const × κn nτ .

(13)

Only numerical estimates of κ and τ are available. For the hexagonal,
square and triangular latices respectively, the best current estimates6 of κ
are κhexagonal = 5.16193016(3), κsquare = 3.970944(2), and κtriangular =
2.9446596(3), while τ is believed to be −1, so that the generating function
X
A(x) =
an xn ∼ A log(1 − κx).
4 A newly developed Monte Carlo algorithm by Clisby, briefly described in Chapter 9,
is dramatically more powerful, permitting him to estimate ν = 0.587597(5) and µ =
4.684043(12).
5 At least for polygons on two dimensional lattices. The concept of area for higher dimensional lattices is not straightforward
6

Kindly provided by Iwan Jensen, unpublished
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Consequently,
an ∼ const. × κ/n.
Of great interest is the two-variable generating function
XX
P(x, y) =
pm,n xm q n .
m

n

From this, we can define the free energy
X
1
pm,n q n
log
κ(q) = lim
m→∞ m
n

!

.

It has been proved [13] that the free energy exists, is finite, log-convex and
continuous for 0 < q < 1. For q > 1 it is infinite. The radius of convergence of
P (x, q), which we denote xc (q), is related to the free energy by xc (q) = e−κ(q) .
This is zero for fixed q > 1. A plot of xc (q) in the x − −q plane is shown
(qualitatively) below. In the case of SAP, for 0 < q < 1, the line xc (q) is
believed to be a line of logarithmic singularities of the generating function
P (x, q).. The line q = 1, for 0 < x < xc (1) is believed to be a line of finite
essential singularities [13]. At the point (xc , 1) we have more complicated
behaviour, and this point is called a tricritical point. For the simpler polygon
model, that of staircase polygons (see Chapter 3), the figure is qualitatively
similar, though for 0 < q < 1, the line xc (q) is known to be a line of simple
pole singularities of the generating function P (x, q), rather than logarithmic,
in the case of SAP. The line q = 1, for 0 < x < xc (1) is also known [43] to be
a line of finite essential singularities. As for SAP, at the point (xc , 1) we have
more complicated tricritical behaviour, and this is discussed in more detail
in Chapter 11.
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x

xc
PSfrag replacements

0
0

qc

q

Around the point (xc , 1) we expect tricritical scaling, so that
P (sing) (x, q) ∼ (1 − q)θ F ((xc − x)(1 − q)−φ ) (x, q) → (xc , 1− ).
Here the superscript (sing) means the singular part. There is an additional,
additive part that is regular in the neighbourhood of (xc , 1), and so is not
relevant to this discussion. For staircase polygons, Prellberg [43] has proved
that


1 d
F (s) =
log Ai 28/3 s ,
16 ds
where s = (xc − x)(1 − q)−φ . For self-avoiding polygons, in a series of papers,
Richard and co-authors [49, 50, 48] have provided abundant evidence for the
surprisingly strong conjecture that


2
1
π
3
F (s) = −
log Ai
(4A0 ) s + C(q).
2π
xc
Here C(q) is a function, independent of x, that arises as a constant of integration when moving from the rooted to the unrooted SAP scaling function
[50]. For both models φ = 2/3, while θ = 1/3 for staircase polygons and θ = 1
for SAP. Here A0 = 0.2811506(1) is the amplitude of the perimeter generating function, and xc is the perimeter generating function critical point. This
result is described in much greater detail in Chapter 11 by Richard.
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1.2 The connection with statistical mechanics
Thus far we have discussed SAW and SAP as a combinatorial problem. However there is an alternative description as a statistical mechanical model. This
both sheds light on some aspects of the behaviour of various quantities of interest, described above, such as critical points, critical exponents and critical
amplitudes, and also gives us another way to tackle the problems that arise.
In statistical mechanics one starts with a Hamiltonian, which is the energy of a given configuration, taking into account the interactions, and then
constructs the partition function. This assumes that configurations of a given
energy and temperature are distributed according to the Boltzmann distribution. The Ising model and Heisenberg models of ferromagnetism have been
known for decades, and were defined by Hamiltonians in which each spin was
a classical unit vector of dimension 1 in the case of the Ising model, dimension
2 in the case of the classical planar Heisenberg model, and dimension 3 in
the case of the classical Heisenberg model.
In 1968 Stanley [51] proposed the n-vector model, in which each spin was
represented by a classical, n-dimensional vector. Clearly this reproduces the
three cases mentioned above when n = 1, 2, 3 respectively. Stanley pointed
out that the suitably defined limit as n → ∞ reproduces the so-called spherical model, introduced by Berlin and Kac [4]. A more remarkable limit, n → 0
was proposed by de Gennes [8], who showed that in this limit the model
described was exactly self-avoiding walks and polygons. This is not at all
intuitive. What after all do we mean by the interaction between two zerocomponent vectors? Nevertheless, proceeding with a curious mixture of formality and non-rigorous argument, a connection can be established. We will
sketch the result. More details can be found in [7], and more recent, and
perhaps more accessible accounts can be found in Madras and Slade [37] and
Hughes [24].
One starts with a Hamiltonian
X
X
H=−
si · sj − H
si (1),
(14)
<i,j>

i

where s is an n-component vector, which is located at the vertices of a regular
lattice of arbitrary spatial dimension, and the subscript indexes a particular
site on the lattice. The first sum is taken over all pairs of sites (i, j) which are
nearest neighbours on the lattice. The second sum is a scalar product of a
magnetic field H, assumed w.l.o.g. to be in the ‘1’ direction, and so couples to
spin
√ components2 in that direction. The vector is assumed to be of magnitude
n, so that |si | = n.
The partition function is obtained by the usual rules of statistical mechanics from
X
Z=
exp(−H/kT ).
(15)
all configurations
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In the above equation, k is Boltzmann’s constant and T is the absolute temperature. The Helmholtz free energy is defined by
F (T, H) = −kT log Z(T, H),
though we usually work in the thermodynamic limit,
f (T, H) = lim

N →∞

1
F (T, H).
N

(16)

In the above equation, N refers to the number of spins in the lattice, and
should not be confused with the dimensionality of the spin vectors, denoted
n, whereas the underlying dimensionality of space is denoted d. Next, we
need to define the magnetic susceptibility,
χ(T ) = −

∂2f
|H=0
∂H 2

(17)

The Ising model corresponds to the case n = 1. The susceptibility then
behaves as
χ(T ) ∼ const(1 − Tc /T )−7/4

as T → Tc+ . If one takes a formal series expansion of the susceptibility, after
substituting equation (14) into equation (15) and then using equations (16)
and (17) to calculate the susceptibility, it can be seen that each term in the
expansion corresponds to sums over averages of dot products of the vector
spins. These can be interpreted as graphs on the underlying lattice. In the
limit as n → 0 all graphs vanish except non-intersecting lattice paths joining site i to site k. These are just self-avoiding walks from site i to site k.
Thus the susceptibility of the n vector model in the n → 0 limit is precisely
the generating function for SAW. By the same token, the specific heat exponent for magnetic models can be related to the exponent characterising
the generating function for self-avoiding polygons, so that if the specific is
written
C(T ) ∼ const(1 − Tc /T )−α
as T → Tc+ , we have, for the corresponding polygon generating function,
X
P (x) =
pn xn ∼ const.(1 − x/xc )2−α .

The advantage of this formulation is that one can now bring to bear the
full machinery of statistical mechanics to what would otherwise be a combinatorial problem. In statistical mechanics one has scaling arguments that link
exponents. This is one justification for the hyperscaling relation (12) given
above. Other tools from statistical mechanics are also available, such as the
renormalisation groupmethod, and other methods developed by mathematical physicists working in field theory. We won’t discuss these techniques in
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any detail–each would justify a volume on their own–but will refer to some
predictions made by these methods in later chapters.

1.3 Some history of the problem
We conclude this section by a brief discussion of the chronological history of
the SAW and SAP problem. The problem of enumerating self-avoiding walks
(SAW) was initially proposed as a mathematical problem in a posthumously
published paper by Orr in 1947 [42], and shortly thereafter was proposed
as a model of long-chain polymers in dilute solution by Flory in 1949 [15].
Self-avoiding polygons (SAP), on the other hand, were first enumerated by
Wakefield in 1951 [57]. Wakefield was not studying SAP in their own right, but
rather enumerating them as part of a different project, notably the behaviour
of the three-dimensional Ising model. In that study, SAP on the simple-cubic
lattice contributed to the graphical expansion of the Ising model partition
function.
Somewhat later, in 1954 and 1955, Wall and co-workers [54, 55, 56] calculated some properties of two- and three-dimensional SAP which arose as a
by-product of their Monte Carlo study of SAW. Some of the SAW configurations they generated by Monte Carlo methods failed due to the coincidence
of the end point of trial walks they generated with the origin. Such failures
led them to study the probability of these occurrences, and hence they introduced the so-called probability of initial ring closure. This is defined as
the probability that a SAW ends at a site adjacent to the origin, so that the
addition of a single bond produces a self-avoiding circuit. This probability is
just 2mpm /((q − 1)cm ), where q is the coordination number of the lattice, or
number of nearest-neighbour sites of a given site. It is 2d for a d-dimensional
hypercubic lattice.
In terms of the notation given above, and assuming the existence of the
conjectured sub-dominant terms containing the critical exponents, we have
pm ∼ const × µm mα−3 , and cm ∼ const × µm mγ−1 . The probability of
initial ring closure p0m is p0m = 2mpm /((q − 1)cm ) ∼ const × mα−γ−1 .
In two dimensions, from the above-quoted values of α and γ, we obtain
p0m ∼ const/m1.84375 , while from the best numerical estimates for the exponents in the three-dimensional case, we find p0m ∼ const/m1.921 . Wall and
co-workers in 1955 estimated these exponents to be around 2 in both two and
three dimensions, by Monte Carlo methods.
In 1959 Rushbrooke and Eve [47] studied this problem by direct enumeration, and ushered in the computer age of enumeration. They counted
polygons up to perimeter 18 on the square lattice, and, more impressively, to
order 14 on the SC lattice. The coefficient p14 on the sc lattice was counted
on the Pegasus computer at Durham University, in a calculation that took
50 hours of CPU time. The exponent estimates obtained from an analysis of
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these enumerations were 2.4 ± 0.2 and 2.29 for the square and SC lattices respectively. At the same time, and quite independently, Fisher and Sykes [14]
estimated these exponents to be 1.75 ± 0.10 and 1.810 ± 0.007 respectively.
These estimates were improved by Hiley and Sykes in 1961 [21] based on further enumerations, and they found exponents 1.805 ± 0.025 and 1.92 ± 0.08
respectively. Remarkably, the estimate in the three-dimensional case is in
precise agreement with current estimates to all quoted digits.

2 Polyominoes
The modern era of polyominoes began in 1953 when Golomb discussed them
in a talk he gave to the Harvard Mathematics Club, which was subsequently
published [17]. Martin Gardner added to the popularity of the subject when
he discussed Golomb’s article in his column in Scientific American. Polyominoes became a favourite topic of Gardner, and one he often returned to. As
Golomb points out in the preface to the first edition of his book on the subject [16], there are many antecedents, either in the form of particular puzzles,
or in discussions of the number of allowable patterns of a particular type in
board games, such as Go. One notable antecedent appeared in 1907, when a
puzzle involving 5-celled polyominoes, (of which there are twelve), was posed
in the book Canterbury Puzzles [9]. In his book on polyomino puzzles, G.
E. Martin [38] also points out that a variety of polyomino puzzle problems
appeared in the British journal Fairy Chess Review in the 1930s. At that
time, they were called dissection problems.
Formally, a polyomino (or, as they are sometimes known, a lattice animal)
of n cells on the square lattice with origin 0 is a connected section graph7
of the lattice containing the origin and having n vertices. More intuitively, a
polyomino is comprised of n connected squares, which must be joined at an
edge, and not just at a vertex. A domino is an example—indeed, the only
example—of a 2-celled polyomino. Polyominoes may be similarly defined on
other two-dimensional lattices, such as the triangular or honeycomb lattice.
We will assume that we are referring to square lattice polyominoes in the
following, unless stated otherwise.
The difference between polyominoes and polygons is that a polyomino
may have an internal hole. For example, see fig. ??. So all polygons are
polyominoes, but not vice-versa.
Polyominoes are usually enumerated by area—or number of cells. While,
like polygons, they can also be enumerated by perimeter, we will see below
that this is less easily characterised, as the perimeter generating function has
zero radius of convergence. Thus the more common asymptotic form (13) for
7

A section graph G∗ of a graph G is obtained from G by deleting zero or more of its
vertices.
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lattice objects enumerated by perimeter does not hold when discussing the
enumeration of polyominoes by perimeter.
The sorts of results one can prove for polyominoes are not too different to
those that can be proved for polygons. If an denotes the number of polyomines
of area n (or, if one prefers, of n cells), then Klarner [32] proved that the
growth constant α, defined by
α = lim a1/n
= sup a1/n
n
n ,
n→∞

n

exists and is non-zero. The proof follows standard concatenation arguments,
whereby polyominoes are uniquely concatenated to produce a subset of polyominoes of a size given by the sum of the sizes of the two individual polyominoes. Even before the existence of this limit was proved, it was widely
assumed to exist, and indeed Eden, in 1961 [11] undertook a numerical analysis to estimate its value.
Such estimates rely on the enumeration of an , a computational problem of
exponential complexity. As for polygons, the most effective method to date
is the finite lattice method (discussed in Chapter 7), which permits enumeration by finite-dimensional transfer matrices. The method was implemented
for polyominoes by Conway and Guttmann in 1995 [5], giving rise to an for
n ≤ 25, which was dramatically improved by Jensen and Guttmann in 2000
[26], who obtained an for n ≤ 46, then Knuth and Jensen played leap-frog
for a few years, extending the series, with Jensen [28] currently holding the
record with a56 = 69, 150, 714, 562, 532, 896, 936, 574, 425, 480, 218.
Polyominoes are frequently referred to as free or fixed. Fixed polyominoes
are consider distinct up to a translation. That is to say, fixed polyominoes
means “an equivalence class of polyominoes under translation,” whereas free
polyominoes refers to “an equivalence class of polyominoes under translations,
rotations and reflections.” Asymptotically, the number of fixed polyominoes
of n cells, denoted Bn on the square lattice is 8 times the corresponding
number of free polyominoes of n cells, denote bn . While the same distinction
can be made for SAP, this is rarely done, and one usually considers fixed
SAP, without explicitly saying so.
As for SAW and SAP, it is widely believed, but not proved, that bn ∼
Aαn nθ as n → ∞, or, equivalently, that Bn ∼ 8Aαn nθ as n → ∞.
Like polygons, polyominoes on other two dimensional lattices can be considered. Hexagonal and triangular lattice polyominoes were first introduced
by Lunnon [33], and have also been exhaustively enumerated by Jensen [27],
who has obtained the counts up to 75-celled animals on the triangular lattice
and 46-celled animals on the hexagonal lattice.
As is the case for polygons, the growth constant α will change from lattice
to lattice, while the critical exponent θ is expected to be the same for all
two-dimensional lattice, and its value has been predicted by powerful, but
non-rigorous physical arguments [45], and is predicted to be θ = −1, corre-
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sponding to a logarithmic singularity in the generating function for polyominoes, while α ≈ 4.062570 [26].

3 Polyhedra
A three-dimensional analogue of a polyomino on the square lattice is called
a polycube on the simple-cubic lattice. Polycubes are composed of unit cubes
joined at their faces. Many topologies formed by this rule, including spheres,
toroids and objects of higher genus. They are usually counted as free polycubes.That is to say a particular polycube is counted only once irrespective of
its orientation. Those that are mirror images of one another (so-called chiral
twins) are usually (but not always) distinct.
Consideration of chiral twins is a slightly subtle distinction from the analogous two-dimensional case, where chirality is accommodated by reflection.
But the reflection takes place by flipping the object through the third dimension. By convention, since one can’t “see” the fourth dimension, the analogous
reflection is forbidden, and that is why chiral twin polycubes are considered
distinct.
As with polyominoes, it is customary to distinguish between fixed and free
polycubes. To make this distinction clear, a tower of three cubes counts 1
as a free polycube, but counts 3 as a fixed polycube, as it may be oriented
parallel to the x, y or z axis. Asymptotically, the number of fixed polycubes
is 24 times the number of free polycubes.
In three dimensions, the longest series is due to Aleksandrowicz and Barequet [1], who give the first 18 series coefficients. We again have an exact
prediction for the critical exponent from the powerful but non-rigorous physical arguments of Parisi and Sourlas [45], which is θ = −1.5. We have analysed
the available series coefficients, using the techniques described in Chapter 8,
and find α ≈ 8.3479. (In 1978 Guttmann and Gaunt [19] predicted θ = −1.5
and α = 8.34 ± 0.02, based on much less data).

4 Tilings
The theory of tilings is a fascinating topic in its own right. Many books have
been written on this subject, and we will have little to say about it, except
to point out some of the more remarkable results, and indicate some of the
open questions. An interesting, and still unanswered question is the necessary
and sufficient conditions for a polyomino (or actually a polygon, as we don’t
want internal holes) to tile the plane. It is unknown if the tiling problem is
decidable [46], and it is known that the problem of tiling a finite region is
NP-complete [52].
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To be more precise, by a tiling of the plane, we mean a covering of the
Euclidean plane by a countable family of elementary tiles. The tiles may not
overlap. If a single tile is used, we refer to the tiling as a monohedral tiling.
The tile used is called a prototile. As a trivial example, it is clear that a 1 × 1
cell—indeed, a k × k cell—can tile Z2 . For a discussion of tilings of the entire
plane, the reader is referred to the discussion by Grünbaum and Shephard
[18].
It is easy to see that any triangle or rectangle can tile the Euclidean
plane, and with a bit more effort one can see that any quadrilateral can tile
the plane. Conway [46] has a powerful method that provides a sufficient, but
not necessary, condition for a prototile to tile the plane. Conway’s method
requires that if one can divide the boundary up into six segments, labelled
sequentially as A, B, C, D, E, and F , such that:
(i) A and D are translates of one another,
(ii) the remaining four segments each possess a 180 deg rotational symmetry
about their mid-point, and
(iii) while some segments may be empty, each pair B − C and E − F must
be non-empty. Also, A and D can both be empty if at least three of the
remaining four segments are non empty.
An example is shown below. Note that segments A and D are translates of
one another, while the remaining segments each possess a 180 deg rotational
symmetry about their respective mid-points.

B
F
A

C

E

D

To tile the plane with this tile involves using both translates and rotated
versions of the basic prototile, as can be seen in the following figure, illustrating the tiling:
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If one restricts the movement of tiles to translations only, (that is to say,
one forbids rotations and reflections), then there is a necessary and sufficient
condition for a prototile to tile the plane. If the boundary can be divided into
six consecutive segments, sequentially labeled A − F as above, such that each
element of the pairs A − D, B − E and C − F are translates of each other,
the prototile tiles the plane. (One such pair may be empty, in which case the
tiling forms a rectangular lattice, otherwise it forms a hexagonal lattice.) See
[46] for a proof.
Rhoads [46] has made an interesting study of the effectiveness of Conway’s
criterion. He shows, among other results, that one needs to go to 9-cell polygons before one finds a polygon that does not satisfy the Conway criterion,
but still tiles the plane. More precisely, apart from two 9-cell polygons, all
polygons up to order 9 that tile the plane either satisfy the Conway criterion,
or two copies form a patch that satisfies the Conway criterion.
A second question that is asked about tilings, once it has been established
that a prototile can tile the plane is In how many ways can the plane be tiled?.
One of the earliest non-trivial results in this direction is due to Kasteleyn [29],
who used a Pfaffian to express the number of ways 2jk dominoes (or 2 × 1
tiles) can tile a 2j × 2k rectangle. The same problem was treated by transfer
matrix techniques, discussed in Chapter 7, by Fisher and Temperley [53]. The
result is
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l=1 m=1

cos2

mπ
lπ
+ cos2
2j + 1
2k + 1



.

It is far from obvious that this double product should even produce integers!
The reader is invited to try it out for small values of j and k and confirm
their result by direct enumeration.
We will mention just one other remarkable exact result, the enumeration
of Aztec diamonds. An Aztec diamond AZ(k) is constructed by reflecting a
pyramidal stack about its base. The stack base contains 2k cells, the next
row 2k − 2 cells, the subsequent row 2k − 4 cells, and the top of the stack
contains two cells. The Aztec diamond AZ(10) is shown in the figure below.

The number of domino tilings of AZ(n) was found by Elkies, Kuperberg,
Larsen and Propp [10], and is just
2(n

2

+n)/2

.

This relatively simple result might suggest that there is a simple proof. Unfortunately that is not yet the case, despite the fact that the number of different
proofs now runs to double figures.
Another typical question that is asked, is What is the typical shape of an
object?. Some tilings, or objects, display no particular structure, whereas others show quite remarkable properties. For example, the typical large Aztec
diamond displays a surprising regularity at its corners, where, as can be seen
from figure 4 it is tiled in a regular, brickwork, pattern, switching abruptly to
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apparent randomness in a circular region, corresponding to the largest possible circle that can be drawn inside the boundary. This geometry is sketched
in the figure below:

Jokush, Propp and Shor [25] proved this result in probability. It is known
as the Arctic circle theorem, The inscribed circle is the Arctic circle, the
region at the poles, (and, perhaps disturbingly, at the equator), is “frozen”.
Hence the name. A typical such tiling is shown in the figure below:

5 The rest of the story
In the next chapter, Whittington describes the rigorous results that can be
proved for SAP. While the SAP model remains unsolved, a number of simpler
polygon models can be exactly solved, and methods for solving these are
described in Chapter 3 by Bousquet-Mélou and Brak. In recent years we
have gained a better understanding of just why the SAP model is so hard,
and these ideas are described in Chapter 4. The key idea is that the solution
is not holonomic, and in Chapter 5 Rechnitzer proves this, along the way
developing tools that are useful for similar proofs. In Chapter 6 Clisby and
Slade develop the lace expansion method that has proved such a powerful tool
for both rigorous results and numerical results in higher dimensions (d ≥ 3).
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Much of our knowledge of SAP comes from numerical methods. In two dimensions the finite lattice method (FLM) is, for most applications, the most
powerful method, and it is described in Chapter 7 by Enting and Jensen. The
result of the application of this method is a series expansion for the generating
functions we have defined. Analysing this data to extract critical properties,
such as critical exponents, critical points and critical amplitudes is the subject of Chapter 8 by Guttmann and Jensen, while the alternative numerical
method, Monte Carlo, is described by Janse van Rensburg in Chapter 9.
Interesting phenomena occur if SAW and SAP are restricted to confined
geometries, such as polygons in strips, in slabs and in rectangles. These are
described in Chapter 10 by Jensen and Guttmann. The underlying limit distributions of the area of SAPs is the subject of Chapter 11 by Richard. Many
physical, chemical and biological properties of polymers can be modelled by
including monomer-monomer or monomer-surface interactions, and these are
the subject of Chapter 12 by Owczarek and Whittington.
Recent developments that combine powerful physical concepts with advances in probability are the subjest of the last three chapters. In chapter 13
de Gier describes fully packed loop models, in which the lattice is filled with
polygons. These models impact on a variety of combinatorial and physical
problems. In Chapter 14 Jacobsen describes the theory of conformal invariance, and how it can be used to make amplitude predictions, and many other
powerful results, while in Chapter 15 Nienhuis and Kager describe the ideas
behind stochastic Löwner evolution, which is believed to describe the scaling
limit of a number of processes, including SAP and SAW.
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