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Introduction

I

Incompressible, inviscid fluids can be viewed as a Hamiltonian
(or Lagrangian) system.

I

Looking at fluids in this way allows us to more easily deduce
properties of the fluid such as conservation of energy, or
Kelvin’s circulation theorem.

I

We can use this way of describing fluids in order to create a
geometric numerical method, which numerically approximates
the motion of the fluid while also preserving some of these
properties.

I

We can create methods that satisfy a discrete version of
Kelvin’s theorem, and conserve energy.
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It can squish and bend.
We need a PDE to describe it.

I

I

I

For example, we could index particles in (X , Y , Z ) by their
initial positions (”Lagrangian” view).
Or, we could not bother to keep track of particles and instead
write our PDEs in terms of what is happening at each point
(x, y , z) in space (”Eulerian” view).
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Is there any point to keeping track of particles?

I

Usually not. We generally just describe a fluid using a
vector-valued function v (x, t) that tells us the velocity of the
fluid at each point in space. But...
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I

For an incompressible fluid, the diffeomorphism φ(t, x) is
volume-preserving.

Now consider the Lie group of all such functions. The motion
of the fluid is a path in this space.
I

In fact, for inviscid fluids, it’s the shortest path.

Inviscid Fluids move as Geodesics

I

I

A geodesic is the shortest path between
points.
In physics, geodesic motion is related to
inertial motion.
I

so, no outside forces, e.g. no friction

I

Viscosity is the fluid equivalent of friction.

I

Inviscid, incompressible fluids move as
geodesics in the space of volume-preserving
diffeomorphisms.

Geodesics as Hamiltonian/Lagrangian systems

I

Looking at fluids as an example of geodesic motion places us
in the broader structure of Hamiltonian or Lagrangian systems.
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energy as integrated along the motion:
Z
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This brings with it a bunch of additional structure:
I
I

I

Conservation of energy.
Kelvin’s circulation theorem is conservation of a Noether
momentum.
There is a conserved symplectic form.
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This gives the the PDE:
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I

Compare:

d [
dt v

+ v · ∇v = ∇p
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We can then relate this back to a more standard set of fluid
equations by moving to the Lie algebra (and its dual).
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In the next part of my talk, I will explain how this way of
understanding fluids has been used to create geometric
numerical methods.

Geometric Numerical Methods
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Structured, or geometric, integrators preserve (or nearly
preserve) qualitative properties of the solution to a
differential equation.
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For example, we might wish to conserve momentum, or
preserve a symplectic form.
There are several applications where qualitative properties are
particularly useful:
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computer graphics
molecular dynamics
statistical or chaotic systems
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If we wish to create a geometric numerical method for
incompressible fluids, Arnold’s Lie group picture seems like a
good place to start.

Discretization Techniques
When creating a geometric integrator for a Lie group view of
fluids, we draw on previous work:
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We aim to first find a discrete-space/continuous-time
integrator which keeps the variational structure.
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Pavlov et al introduced the idea of approximating the
infinite-dimensional Lie group Dvol with a finite-dimensional
matrix Lie group, and put together a numerical method which
discretizes the Lagrangian formulation of incompressible fluids.

I

For differential geometric structures we can use ideas from
mimetic discretization, and/or discrete exterior calculus
(Bochev/Desbrun et al).

I

Once we have a spatial discretization, we can apply a
geometric ODE method to calculate the timestep. E.g.
variational integration (Marsden, West), or symplectic
Runge-Kutta methods.
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Discretizing the Lie group structure

Consider first a discretization of the space by dividing it up into
cells. For example, we could use a Cartesian grid.
Discretize functions on the space by taking an integrated value
over each cell.
I

We can arrange these in a vector.

We consider the action of elements of the Lie group by looking at
what they do to functions.
I

We approximated by a finite-dimensional Lie group of
matrices acting on these vectors.

I

This is known as Koopmanism.
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We choose a finite-dimensional Lie group which satisfies the
following properties of the infinite-dimensional Lie group:
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Constant functions are unchanged: q1 = 1.

I

The inner product is preserved: hqφ, qψi = hφ, ψi.

Use the Lie group G of orthogonal, signed-stochastic matrices.
The associated Lie algebra g consists of all antisymmetric, row-null
matrices.

Non-holonomic constraint

I

For reasons both physical and computational,
a cell should only be able to be influenced by
other cells which are close to it.

Non-holonomic constraint

I

For reasons both physical and computational,
a cell should only be able to be influenced by
other cells which are close to it.

I

We apply a constraint: for A ∈ g, Aij = 0
unless cell i and cell j are nearest neighbors.

Non-holonomic constraint

I

For reasons both physical and computational,
a cell should only be able to be influenced by
other cells which are close to it.

I

We apply a constraint: for A ∈ g, Aij = 0
unless cell i and cell j are nearest neighbors.

I

This constraint is nonholonomic, because it is
not closed under the Lie bracket. This means
we cannot have a symplectic method.

Time discretization

I

I

The semidiscretized equation on this finite-dimensional Lie
group can be derived variationally from a Lagrangian function,
as in the continuous case.
We could discretize this variationally in time.
I

Due to the NHC, we do not get a symplectic method from
this. However, the energy behavior is still fairly nice.

I

We can also use the midpoint rule, which preserves quadratic
invariants, in order to keep energy-preservation.

I

We could use higher-order time integrators if we wished.

Long-Time Energy Behavior

Energy behavior of a long simulation using the (trapezoidal) Hamiltonian fluids method.

Results

We can resolve the bifurcation point between these two vortices on
a coarse, 80 by 80 grid.

Numerical Methods
Several numerical methods have been created using the methods I
have outlined to you:
I

Pavlov et al created the first variational integrator for
incompressible fluids.

I

Gawlik et al extended this to MHD and complex fluids.

I

I created a similar method which looks at the corresponding
Hamiltonian viewpoint – a method based on vorticity rather
than velocity as the main variable.

I

Working with Beibei Liu and Yiying Tong (MSU), we were
able to create a faster version which approximates functions
using a spectral decomposition rather than a spatial
discretization.

All of these methods can be created so as to conserve energy and
also satisfy a discrete version of Kelvin’s circulation theorem.

Conclusion
I

This is a general technique for creating numerical methods
which employs a discrete version of:
I
I
I

The Lie group and Lie algebra structures
The associated exterior calculus
The Lagrangian and Hamiltonian structures

I

We can create methods which satisfy a discrete version of
Kelvin’s theorem, and which conserve energy. This allows us
to get good qualitative behaviour.

I

This technique for constructing numerical methods is flexible.
We can use many different sorts of bases, to obtain numerical
methods with different advantages.

I

Symplecticity is difficult, probably impossible to obtain. One
possible direction to remedy this would be to take a field
theory approach, rather than a Lie group approach.
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