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Abstract—Tsai’s calibration has several advantages over the
current state-of-the-art, Zhang calibration, when it comes to fieldwork and calibration systems requiring little user interaction. Unfortunately Tsai’s calibration performs less well against cameras
with large optical distortion, such as those used in conjunction
with Simultaneous Localization and Mapping (SLAM) systems.
The goal of this work is to solve this problem by estimating
distortion from a Tsai calibration object prior to calibration. The
proposed approach implicitly preserves the pin-hole model within
a homography representation and determines distortion based on
the linearly of the system of equations linking calibration object
feature points to image feature points. The experimental results
presented in this work demonstrate that the proposed approach
leads to more accurate calibrated models and inter-frame models
than current existing approaches with respect to Tsai calibration.

I. I NTRODUCTION
Tsai calibration [10] determines the relationship between 2D image coordinates (produced by an aperture based camera)
and 3-D scene coordinates, by reconciling observed feature
measurements with the pinhole camera model [5]. Understanding the relationship between scene elements and their projected
locations on images is essential to any application that relates
multiple observations of the same scene element across a set of
images. While “uncalibrated” techniques do exist, they only
partially estimate the relationship between image and scene
coordinates, and therefore are only useful up to some scaling
factor.
While Tsai calibration is an effective tool for calibration,
the current state-of-the-art calibration algorithm is considered
to be Zhang calibration [12]. In this work, we posit that
Tsai calibration is still worthy of examination, since it is
an effective tool for binocular stereo calibration [6], and
can quickly determine calibration parameters from a single
image rather than the more complex acquisition process of
Zhang. Therefore Tsai calibration is a better candidate for
field work and systems that need calibration with minimal
user interaction.
This work focuses on the problem of improving the performance of the Tsai calibration with respect to large distortion wide angle cameras, which are commonly used in
SLAM (Simultaneous Localization and Mapping) systems. It
is postulated that the cause of the problem is Tsai calibration’s
initial linear estimate, which could be biased by distorted
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measurements far from the optical center. The proposed solution is to initially estimate the lens distortion based on the
expected projective pattern of the calibration object features
(which consists of two grids on two orthogonal planes). Our
hypothesis is that this estimated distortion will allow for
improved linear approximations, and thus better calibration
results. The proposed approach is compared against the original Tsai calibration algorithm, Tsai calibration with the outer
features removed (which is a common strategy to reduce the
effect of distortion) and Zhang calibration.
This work is structured as follows: Section II is a review of
current literature. Section III describes the proposed solution.
Section IV explains how the performance of the proposed
approach has been evaluated with respect to other leading
approaches. Section V presents the results of the evaluation
process. Section VI outlines the conclusions of this work.

II. L ITERATURE R EVIEW
Both the popular Zhang calibration approach [12] and Tsai
calibration approach [10] include strategies for estimating the
distortion within the system. However, both these algorithms
depend on an initial linear assumption with respect to input
feature measurements, thus they risk large initial estimation
errors in the case of large distortion cameras. The strategy
proposed in this work is to estimate the distortion prior to the
estimation of the pin-hole model.
The notion of estimating distortion first is not new, and
there are several existing strategies for doing so based on
calibration grids, which are commonly used with respect to
the Tsai calibration approach. All of these strategies rely on
projective properties of the grid in order to determine the
distortion within the system. These properties include the
preservation of straight-lines during projection [3] and ratios
of line segments [9], [11]. A key disadvantage of this type of
approach is that it neglects the pin-hole model, thus while an
apparent distortion free grid has been determined, it leads to
a worse final calibration result.
The work of Hartley et al [4] uses a homography based
approach similar to the one proposed in this work. However
the approach in their work is designed to work with Zhang
calibration, whereas this work focuses on Tsai calibration.

with f as the focal length, sx as a scaling factor, µ as the
pixel size, and (cx , cy ) is the optical center of the image.
 The matrix M3×4 represents the rigid transform M3×4 =
R3×3 |T3×1 where R3×3 is an orthonormal rotation matrix
and T3×1 = (tx , ty , tz )T is a translation column vector.
Equation 2 may be simplified, since it is obvious from from
Equation 1 that the z-coordinate of Pi,j is always zero. Thus
we can define a new homogeneous version of Pi,j as:
Fig. 1. A photograph of a Tsai Calibration Object.
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Pei,j
= (Xi,j , Yi,j , 1)

III. T HE P ROPOSED A PPROACH
The Tsai calibration object used in this work is depicted in
Fig. 1. It consists of two planes that are orthogonal to each
other, each containing a grid pattern. Let’s consider one of
these grids (the other follows in exactly the same way), which
we shall call G. The grid G can be considered to have M rows
and N columns (M, N ∈ Z+ ), yielding M × N cells, each
alternately coloured black or white for high-contrast detection.
The features of interest are the (M − 1) × (N − 1) points in
3-D space representing the inner corners (points where exactly
4 cells meet). Each feature point may be represented as Pi,j
where {i ∈ Z+ | 0 ≤ i < (M − 1)} and {j ∈ Z+ | 0 ≤
j < (N − 1)}. In order to remove bias in any direction, it was
decided that G should consist of square shaped cells, each
with a side length of L. In order to index the feature points in
3-D space, a Cartesian coordinate system is chosen such that
the x-axis is orientated in the same direction as the columns,
the y-axis is orientated in the same direction as the rows, the zaxis is perpendicular to the normal of the plane, and the origin
is located at P0,0 . The coordinates of Pi,j in this system are
therefore:
Pi,j = (Xi,j , Yi,j , Zi,j ) = (i × L, j × L, 0)

(1)

It is assumed (and was verified experimentally) that the
precision of the printing of the grid is good enough to not
require additional terms.
Given an image captured of the calibration object, each
Pi,j has a corresponding image coordinate (pixel location)
pi,j = (ui,j , vi,j ) | pi,j ∈ Z × Z) where ui,j represents
the x-coordinate and vi,j represents the y-coordinate within
the image. The corresponding homogeneous representation
of pi,j is therefore given as pei,j = (e
ui,j , vei,j , wi,j ) where
ui,j = u
ei,j /wi,j and vi,j = vei,j /wi,j . The homogeneous
coordinate Pei,j follows from Pi,j in the same way. The
homogeneous Pei,j is then related to the homogeneous pei,j
as follows:
pei,j = K3×3 M3×4 Pei,j
where K3×3 models 3 × 3 camera matrix


sx f
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µ


f
K3×3 =  0
cy 
µ
0
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(2)

(3)

(4)

and a new rigid transformation matrix as:


r0,0 r0,1 tx
M03×3 = r1,0 r1,1 ty 
r2,0 r2,1 tz

(5)

where rk,l represents element at row k column l of the rotation
0
matrix R3×3 . This gives a new relation between Pei,j
and pei,j
as follows:
0
pei,j = K3×3 M03×3 Pei,j

(6)

However, since the goal is to derive distortion, and not the
individual elements of K3×3 or M03×3 , we combine these
matrices into the normalised homography:


h0,0 h0,1 h0,2
H3×3 = h1,0 h1,1 h1,2 
(7)
h2,0 h2,1
1
such that
H = αK3×3 M03×3

(8)

where α is a scaling factor due to the normalisation.
Note that it is possible to rewrite Equation 6 as:
0
pei,j = H3×3 Pei,j

(9)

since pei,j is homogeneous and thus the scaling factor α is
cancelled out.
Equation 9 may be restructured to the following form:


ui,j
e 8×1
= A2×8 H
(10)
vi,j


e 8×1 = h0,0 h0,1 h0,3 h1,0 h1,1 h1,2 h2,0 h2,1 T
where H
and
A2×8 =
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0
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−ui,j Yi,j
−vi,j Yi,j



(11)

If equation 10 is extended to include equations from at least
e 8×1 and hence H3×3 .
4 points, it is possible solve for H
Thus we extend A2×8 to A8×8 by stacking rows containing
scene coordinates P0,0 , P0,L(N −2) , P(L(M −2),L(M −2)) and
PL(M −2),0 along with their associated image coordinates. The
chosen points are the extrema of grid coordinates and so
are the most affected by distortion. After A8×8 has been

assembled, there are wide variety of approaches for solving
e 8×1 , in this work, QR factorisation [1] was used.
for H
The purpose of finding the homography H3×3 with only
4 corner points was that the homography may be used to
forecast to locations of the remaining points within the system.
However, since we are dealing with cameras with large distortion, these estimates are never exactly equal to the actual point
measurements. The figure 2 shows the mismatched points from
a homography generated for the grid on the left, H3×3 and
the grid on the right, H03×3 .

Fig. 2. Red points are the actual measured features in a distorted system.
The black grids have been generated by homography H3×3 and homography
H03×3 . The 4 extreme corners match exactly as they were used to generate
the homography, however it is obvious that the remaining corners differ.

The assumption made in this work is that the difference
between the locations estimated by the homography and the
actual homography may be explained by a model of distortion.
In this work we use the Brown-Conrady [2] distortion model
as follows:
uu:i,j = ui,j + ûi,j (κ1 r2 +κ2 r4 )+ρ1 (r2 +2ûi,j )+2ρ2 ûi,j v̂i,j
(12)
vu:i,j = vi,j + ûi,j (κ1 r2 + κ2 r4 ) + ρ2 (r2 + 2v̂i,j ) + 2ρ1 ûi,j v̂i,j
(13)
where (uu:i,j , vu:i,j ) are the undistorted coordinates, κ1 and
κ2 are the radial distortion coefficients, ρ1 and ρ2 are the
tangentialqcoefficients, ûi,j = (ui,j − cx ), v̂i,j = (vi,j − cy )
2 .
and r = û2i,j + v̂i,j
As the formulation of distortion is non-linear, it is necessary to estimate the distortion parameters (d = (κ1 , κ2 ,
ρ1 , ρ2 cx , cy )) using an iterative scheme such as Levenbert
Marquardt [8]. However, before this can proceed, a function,
Cd , needs to be defined in order to determine the cost of a
particular set of distortion parameters. Naturally the complete
cost function needs to be formulated as C(d) = C1 (d)+C2 (d),
where C1 (d) represents the cost function for the first grid in
the calibration image and C2 (d) represents the cost function

for the second grid in the calibration image. Since both grids
are captured by the same camera, the distortion associated with
both must be the same.
X uu:i,j 
0
(14)
Ck (d) =
− Hp (Ḣ3×3 , Pei,j
)
vu:i,j
2
i,j∈Ω

IV. T ESTING M ETHODOLOGY
In this work, all testing was performed using the GoPro
HERO 3+ Black Edition camera. Images were acquired using
the Wide setting, giving these cameras an effective 149.2
degrees diagonal field of view, which is close to the ideal
fish-eye camera which has a field of view of 180 degrees.
Camera projection is typically modelled with Eqn 2. The
role calibration is to find the unknown parameters of this linear
model. In practice, there is usually some variance between
the model and the actual feature positions. There are several
sources for this error, but the most dominant components are
feature point measurement error (in both 2-D and 3-D systems)
and camera lens distortion error.
In order to ensure that most variance could be attributed
to camera distortion, special care was taken to reduce feature point measurement error. One aspect was to accurately
construct the calibration object used in this work. This was
achieved by constructing calibration grids using a printer
known to have a precision of 0.1 mm (which is a neglegible
difference with respect to the pixel size of the camera and
projective uncertainity over half a meter), and by fixing the calibration grids (printed on sticky paper for a near perfect flat fit)
onto two perfectly smoothing orthogonal planes constructed
by The University Of Auckland’s School of Engineering. The
calibration object is shown in Fig 1. The right and left grid’s
relative poses were confirmed by acquiring multiple images
with a low distortion camera (FUJI FINEPIX REAL 3D W3)
and using Zhang Calibration [12] to determine the motion
between the grids. This relative pose is a fixed property of
the calibration object. Location of the corresponding image
features where extracted using the feature extraction strategy
outlined by Li [6], which is known to have sub-pixel accuracy.
With all other sources of errors reduced, the major assumption in this work is that distortion (as modelled by
Eqn 12 and Eqn 13) accounts for most of the non-linearity
encountered in the actual measurements with respect to Eqn 2.
This assumption suggests that distortion may be estimated
by finding the set of distortion coefficients that minimizes
Eqn 14. Naturally the consequence of doing so, means that
reprojection error, which is typically used to assess the quality
of calibration is greatly improved due to the linearity of
Eqn 2 and the fact that Tsai calibration [10] determines its
projection parameters almost directly from this relation. The
critical question is, while the derived model seems to describe
well the relation between 3-D points and 2-D points in a single
camera, does the same hold across multiple cameras?
The construction of a function to measure the reprojection
error across images would be convenient in order to experimentally answer this question. Assume that I1 and I2 are

two calibration images acquired of the same calibration object
with different cameras at different positions. Assume that I1
is found to have camera matrix K3×3 and pose M3×4 and that
0
0
I2 has camera matrix K3×3
and pose M3×4
respectively. If
0
we extend M3×4 and M3×4 to their homogeneous forms by


f4×4 and M
f0 ,
appending row 0 0 1 to each making M
4×4
we can determine the relative pose between the two cameras
frel:4×4 = M
f0 M
f−1
as M
4×4 4×4 . The relative pose may be reduced
to Mrel:3×4 by removing the final row. These leads to the
following inter-image reprojection error function:
E=

X

−1
0
ZK3×3
Mrel:3×4 K3×3
pi − p0i

2

(15)

i∈ω

where ω is the total amount of feature points, pi is a feature
point in image I1 and p0i is the corresponding feature point in
image I2 .
The variable Z is the depth of the feature point in the I1 .
This depth may be calculated by ray-tracing from the location
on the point in the image, back to the calibration object using
the camera matrix K3×3 and the fact that the feature point
either lies on the XY plane or the YZ plane in 3-D space.
Along with the proposed approach, this work also features
tests against the standard Tsai calibration without distortion
removal, and Tsai calibration where feature points have been
removed that are considered far from the optical center (which
is a common strategy used remove the effect of large distortion
on the performance of Tsai calibration).
The Tsai calibration implementation featured in this work
is the ANSI C implementation of Manual et al [7]. This
implementation essentially has followed closely the original
proposed implementation of Tsai, however does feature an
improved determination of rotation, essentially by enforcing
orthonormal constraints strictly on rotation extracted through
the decomposition of Tsai calibration’s L-matrix.
V. R ESULTS

Fig. 3. Graph depicting the Tsai reprojection error with respect to κ1
distortion based on synthetic points. Here the vertical axis represents error
in pixels while the horizontal axis represents κ1 . For κ1 = 0 mm−2 , Tsai
calibration is able to retrieve the synthetic parameters exactly.

Fig. 4. Plots of two of the sets of synthetic points used. The points on the
left contain no distortion, while the points on the right contains distortion of
κ1 = 10−6 mm−2

for accurate extraction. Some of the calibration images feature
in this work are shown in Fig 5.

A. Tsai Calibration and Distortion
In order to verify the effect that distortion has on Tsai calibration, we conducted an experiment using synthetic feature
points which we generated with varying values of κ1 . Each
of these points sets where provided to the Tsai calibration
algorithm resulting in the graph depicted in Fig 3.
There was a notable deterioration in the results when κ1
was larger than 10−6 mm−2 or smaller than −10−6 mm−2 .
When the distortion level was at 0 mm−2 , the algorithm was
able to perfectly derive the intrinsic and extrinsic parameters
used by the synthetic point generator. Examples of the point
sets generated are shown in the Fig 4.
B. Image Database
In order determine the robustness of our approach, we
acquired a sequence of 32 Tsai calibration images from
different positions using a GOPRO Hero 3+ camera. Care was
taken to make sure that the calibration object was fully visible
in each frame and that the feature points were clearly visible

Fig. 5. Some examples from the set of 32 calibration images used in the
experimentation.

After image acquisition, corner feature points were extracted
for each image using the approach of [6]. Fig 6 shows one
of the calibration images, with the locations of the extracted
corner feature points superimposed on the image. Visual
assessment confirms that there are no major outliers with
respect to corner extraction.

were repeated, however, this time using the proposed approach
was used.
The general strategy was to take the initial measured feature
points and generate a new set of feature points based on the
distortion that the proposed approach estimated to be in the
system. These new points were then provided to the Tsai
calibration algorithm for computation. It was found that by
doing this, Tsai calibration had a reprojection error was 0.31
± 0.25 pixels, and the reprojection error across frames was
virtual identical at 0.34 ± 0.39 pixels for the 32 test images.
VI. C ONCLUSION

Fig. 6. The detected feature points found on the calibration object. Each grid
contains 126 feature points for a total of 252.

C. Feature Point Removal
One strategy commonly used to counter the effect of large
distortion in Tsai calibration is to remove the outer feature
points. Doing this improves the quality of the calibration,
since it makes the system of equations more linear than
before. However, removing feature points also means that the
calibration algorithm is less likely to produce a model that
adequately describes these outer points, thus resulting an a
model that is only valid for some interior within the image.
In order to verify this, we conducted a set of experiments
in which we systematically removed an increasing amount of
outer feature points from the original 252 of our calibration
object. We monitored the effect on the normal reprojection
error of the calibration algorithm (indicating the quality of the
fit) and the across frame reprojection error (Eqn 15) based on
32 random selected pairs. The results are shown in the Table I.
TABLE I
T HE EFFECT OF POINT REMOVAL ON REPROJECTION ERROR
Count
252
208
168
132

Repo Error
1.7 ± 0.9 pixels
1.31 ± 0.8 pixels
1.22 ± 0.5 pixels
1.08 ± 0.5 pixels

Across
1.81 ±
1.90 ±
2.01 ±
2.32 ±

Frame Error
0.9 pixels
1.0 pixels
1.1 pixels
1.3 pixels

It should be noted that the experiment used a reduced set of
feature points for calibration, but the full set of feature points
for the calculation of projection errors.
D. The proposed approach
The experiments of Section V-A verified that large distortion
has an effect on the Tsai calibration algorithm and Section V-C
showed that while the point removal strategy reduces reprojection error, it does not support the modelling of all points
across the entire image and does not improve reprojection error
across frames. In the next round of experiments, the same tests

In this work we set out to improve the accuracy of Tsai
calibration with respect to cameras with large distortion. We
initially showed that there is signification deterioration in the
accuracy of the Tsai calibration when the distortion is large.
We tested the current strategy of removing outlier feature
points that was shown to be problematic, as it did not improve
the reprojection across images and forced the rejection of good
quality measurements leading to an incomplete calibration
model.
A proposed approach based on homographies was presented. Its purpose was to estimate the distortion in the system
prior to calibration. It was shown that if steps are taken
to remove feature point measurement error, the estimated
distortion allows calibration to be far more accurate than the
original Tsai or Tsai with features removed. The proposed
strategy was shown to support the Tsai calibration algorithm
in being able to produce a complete model that is valid across
multiple calibrated frames.
In future work, we plan to perform more experiments across
a wider range of cameras and calibration objects, in order to
further assess the robustness of the proposed approach. We
also plan compare the accuracy and robustness of the proposed
approach with respect to Zhang calibration.
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