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Abstract: Uniform central limit theorems (‘Donsker theorems’) have been widely useful in
semiparametric statistics, both under iid sampling and for stationary sequences and random
fields. Only limited results have been available under complex sampling, especially multistage
sampling. In this note we derive a complex-sampling analogue of Ossiander’s bracketingentropy conditions for a uniform central limit theorem, under the assumption that certain
design effects are uniformly bounded. We discuss the plausibility of this assumption in realistic
surveys.
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1. Introduction
Data from complex survey samples such as the NHANES series in the US or the British Household
Panel Survey in the UK are increasingly being used for a wide range of secondary statistical analyses. Observations in these surveys are sampled with unequal (but known) sampling probabilities.
The sampling is typically correlated, with negative correlations induced by stratified sampling and
positive correlations induced by cluster sampling.
Data analysts want to use all the same statistical methods for complex samples that they use for
independently-sampled data. For some of these statistical methods, the only convenient theoretical
techniques involve uniform central limit theorems either for the joint empirical distribution of the
data or for other classes of functions. Two examples are the Cox proportional hazards model[17, 3],
and rank tests[18]. In iid data such results have been available for some time[22, 21], and there are
many extensions to dependent sequences[eg 1, 6, 8], but results for complex samples have been very
limited.
A uniform CLT for a one-dimensional empirical cumulative distribution function under simple
random sampling without replacement is classical; Shorack [25, Theorem 16.2.3] gives a simple
proof. There is an immediate extension to stratified random sampling with a fixed number of strata
and stratum sizes growing without limit. Breslow and Wellner [3], using the exchangeable bootstrap
[23], showed that the uniform CLT for stratified random sampling extended to classes of functions
controlled by uniform entropy or bracketing entropy, giving the same bounds as under iid sampling.
Saegusa and Wellner [24] derive the limits after calibration of weights [7].
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Wang [28] gave conditions on fourth-order joint sampling probabilities for the one-dimensional
empirical CDF, based on conditions of Breidt and Opsomer [2]. These conditions are satisfied by
reasonable stratified or PPS samples of individuals, but are not satisfied under single-stage or
multi-stage cluster sampling. Extensions to higher dimensions or to other classes of functions are
not immediate. Under similar assumptions about sampling, Cardot and Josserand [4] proved a CLT
for functional data satisfying Hölder-type conditions, using a maximal inequality based on packing
numbers.
In this note we give a simple proof of a bracketing-entropy Donsker theorem for data from complex
sampling designs, controlling the impact of dependence by the design effect. We work in a two-phase
or superpopulation context, where a sequence of finite populations is drawn from a superpopulation
distribution and samples are then drawn from the finite populations. We expect that the same
approach could be used for inference conditional on the sequence of finite populations, but strict
finite-population inference is typically of less interest for tests and estimators complicated enough
to need empirical-process arguments to justify them. The proof uses an existing moment bound for
increments of the empirical process in iid data, which follows from the same adaptive truncation
argument as Ossiander’s theorem. We then translate the bound into a bound on second moments
under complex sampling, implying stochastic equicontinuity.
The design effect is a concept introduced by Kish [14, 15] to summarise the efficiency of a complex
survey design for estimation of a particular population quantity, analogous to the Pitman relative
efficiency. If θ̂ estimates a population quantity θ under a complex survey design, and θ̃ estimates
the same population quantity in a simple random sample with the same sample size, the design
effect is var[θ̂]/var[θ̃]. Two variants are in routine use: DEFF, comparing to a simple random sample
without replacement, and DEFT, comparing to iid sampling; we will use the latter.
In this paper we assume that the design effect is uniformly bounded for all differences of functions
in the class at all sample sizes. This is a strong assumption mathematically, on the other hand, a
bounded design effect is a familiar and plausible assumption from the viewpoint of survey practitioners. The only reason to have design effects exceeding unity in complex surveys is to reduce
overall cost, so tradeoffs between design effects for a variety of estimands and survey costs are
explicitly considered in the design of large surveys. Choosing a survey design with very large design
effects for any statistic of interest would only be sensible if the cost per unit sampled were extremely
low compared to simple random sampling. Since the cost of performing an interview gives a nonnegligible lower bound on the cost per unit sampled, very large design effects are not plausible in
well-designed surveys. For example, in cluster sampling suppose that the cost of an additional unit
in the same cluster is lower than the cost of a new cluster by a factor γ. The design effect of a
design that minimizes cost for a given precision will then be less than γ −1/2 [5].
In section 3 we give some sufficient conditions for a design-effect bound, compare it to conditions
for β-mixing sequences, and also evaluate the assumption in survey data examples.

2. Theorem and Proofs
Each population in the sequence of populations of size Nn is an iid sample from a multivariate
superpopulation distribution P . A sample (of expected size n) is drawn, where the probability of
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sampling unit i, conditional on the realized finite population, is πi and the probability of sampling
both unit i and unit j is πij . The sampling probabilities πi and πij must be non-zero for all i, j in
the population, and they must be known for all i, j in the sample.
The key tool is the Horvitz–Thompson estimator of a population mean[12], using sampling weights
1/πi to remove the bias from unequal-probability sampling
T̂X =

1
Nn

X
i∈sample

1
Xi .
πi

The variance of T̂X conditional on the finite population is estimated by
X
1
πij − πi πj xi xj
var[
c T̂X ] = 2
.
Nn
πij
πi πj
i, j∈sample
We assume the sequence of sampling designs giving samples of expected size n is such that
√
Assumption D A central limit theorem holds (pointwise) at n rate: ie, for every function f ∈ F
√
n X
d
(f (Xi ) − P f (X)) → N (0, σf2 )
N
i∈sample
This assumption is routine in survey statistics, and Fuller [9, Chapter 1] collects some sets of
conditions. We also assume the superpopulation distribution satisifies
Assumption P The envelope function F of F has a finite fourth moment: kF kP,4 < ∞
The technical results we need, and their proofs, are conveniently collected in section 2.14 of van der
Vaart and Wellner [27], so we follow their notation. Define the bracketing entropy integral of a class
of functions F from an index set T to R as
Z δq
1 + log N[ ] (kF k, F, k · k d
J[ ] (δ, F, k · k) =
0

where F (x) = supf ∈F f (x) is the envelope function and N[ ] () are the bracketing numbers of F with
respect to the norm k · k.
The empirical process under iid sampling from the superpopulation is
n

1 X
Gn = √
(f (Xi ) − P f )
n i=1
and its complex-sampling analogue is the the Horvitz–Thompson process[17], augmented with sampling weights
√
n X
1
π
Gn f =
(f (Xi ) − P f ) .
N
πi
i∈sample
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The design effect for f relative to superpopulation simple random sampling is thus var[Gπn f ]/var[Gn f ].
We quote two results proved by van der Vaart and Wellner [27]. Proposition 1 is similar to maximal
inequalities used by Kim and Pollard [13], and Proposition 2 is based on results for Orlicz norms
in Talagrand [26]. The notation a . b means there is a constant C such that a ≤ Cb; the constant
is universal in Proposition 1 and depends only on q in Proposition 2.
Proposition 1 (Theorem 2.14.2, van der Vaart and Wellner). Let
a(η) = p

ηkF kP,2
1 + log N[ ] (ηkF kP,2 , F, L2 (P ))

If kf kP,2 < δkF kP,2 for all f ∈ F then
sup |Gn f k∗
f ∈F

. J[ ] (δ, F, L2 (P ))kF kP,2 +

√



√
nP F {F > na(δ)}

P,1

Proposition 2 (Theorem 2.14.5, van der Vaart and Wellner). For any q ≥ 2
sup |Gn f k∗
f ∈F

. sup |Gn f k∗
P,q

f ∈F

+ n−1/2+1/q kF kP,q
P,1

We now state our main result.
Theorem 3. Let F be a class of functions with finite bracketing entropy integral, satisfying assumptions D and P
Define
Fδ = {f − g : f, g ∈ F, ρ2 (f, g) ≤ δ}
If Fδ has uniformly bounded design effects for the mean, relative to superpopulation simple random
sampling, then Gπn converges weakly to a mean-zero Gaussian process indexed by F.
By Lyapunov’s inequality, Proposition 2 implies for any q ≥ 2
sup |Gn f k∗
f ∈F

. sup |Gn f k∗
P,2

f ∈F

. sup |Gn f k∗
f ∈F

P,q

+ n−1/2+1/q kF kP,q
P,1

Combining with Proposition 1 we obtain
sup |Gn f k∗
f ∈F

. J[ ] (δ, F, L2 (P ))kF kP,2 ) +
P,2

√



√
nP F {F > na(δ)} + n−1/2+1/q kF kP,q

(1)
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Let ρ2 (f, g) = kGf − GgkP,2 be the standard deviation semimetric on the index set induced by
the limiting Gaussian process. Gn is asymptotically ρ2 -equicontinuous in probability, ie, for any
, η > 0 there exists δ > 0 such that
#
"
lim sup P ∗
n→∞

sup

|Gn f − Gn g| >  < η.

ρ2 (f,g)<δ

We can thus construct, for any , η > 0, a partition {Ti }ki=1 of the index set with ρ2 (f, g) < δ for
f, g ∈ Ti and
"
#
lim sup P ∗ sup sup |Gn f − Gn g| >  < η.
n→∞

i

f,g∈Ti

Now, we use the bounds in equation 1 applied to the class of increments
Fδ = {f − g : f, g ∈ F, ρ2 (f, g) ≤ δ}
By assumption P we may take q = 4, so the last two terms go to zero as n → ∞ for any fixed δ,
and the first term goes to zero as n → ∞ followed by δ → 0.
The first two terms go to zero as n → ∞ followed by δ → 0. The third term also goes to zero for
q = 4 by assumption P1. Thus
lim sup sup sup |Gn f − Gn g|
n→∞

i

f,g∈Ti

= 0.
P,2

Since this is a bound for the L2 (P ) norm, if we assume the design effects vs iid sampling (superpopulation simple random sampling with replacement) for means of Fδ are uniformly bounded, we
have the same limit

! 
2

lim sup E ∗  sup sup |Gπn f − Gπn g|
n→∞

i

f,g∈Ti

=0

where the expectation is taken over superpopulation and population sampling, giving
"
#
lim sup P ∗ sup sup |Gπn f − Gπn g| >  < η.
n→∞

i

f,g∈Ti

and together with assumption D of a marginal CLT this implies weak convergence of Gπn to a
continuous mean-zero Gaussian process (Thm 1.5.6, van der Vaart & Wellner).
Remark: Assumption P could clearly be relaxed to require just 2 + δ moments for the envelope,
but for this result to be useful we also need the Horvitz–Thompson variance estimator to be consistent for the variance conditional on the sequence of populations, and typical consistency proofs
require four moments. For example, Fuller [9, chapter 1] show consistency of the variance estimator
together with the central limit theorems.
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3. Assessing the design-effect assumption
3.1. Examples of sufficient conditions
The simplest sufficient condition for uniformly bounded design effects in multistage stratified cluster
sampling is that the cluster size is bounded. If {mk }K
k=k is the number of sampled observations in
the kth stage-one cluster, the design effect is bounded by
PK
m2k
≤ max mk .
∆max = Pk=1
K
k
k=1 mk
Examples of surveys where this bound is small include the Scottish Household Survey (maxk mk =
11)[11], and the New Zealand Survey of Family Income and Employment, which has mk roughly
constant and averaging 6.67.
For surveys with large clusters, such as those conducted by the US National Center for Health
Statistics [19, 20], the design-effect bound requires conditions on the correlation within clusters.
Large clusters can still lead to small design effects if the correlation within clusters is weak. First
consider a univariate scenario. Suppose the superpopulation distribution is multivariate Gaussian,
generated by a random effects model, so that Xhi1 i2 = αh + bi1 + ei1 i2 is the value of the X in
the population for unit i2 in cluster i1 in stratum h, {αh }H
h=1 are vectors of constants, and bi1 and
ei1 ,i2 are iid Normals with mean zero and variances σb2 and σe2 respectively. Further suppose that
the sampling design is stratified random sampling of clusters, so that X is independent of sampling
conditional on stratum.
Within each stratum, the intra-cluster correlation of X is ρ = σb2 /(σb2 + σe2 ). As X is multivariate
Normal, this is also the maximal correlation coefficient[16], that is, for any square-integrable function
f , |corr[f (Xhi1 ,i2 ), f (Xhi1 ,j2 )]| ≤ ρ, and the design effect for f (X) is bounded above by
∆max = 1 + ρ(max mk − 1).
k

If the correlations between values of X in the superpopulation are non-negative, a tighter bound
is that the design effect for the mean of f (X) is at most equal to the design effect for the mean of
X. When X is not multivariate Normal in the superpopulation, the maximal correlation coefficient
will typically be greater than ρ. In particular, when F is the set of indicators of half-lines that
characterize the cumulative distribution function, the design-effect bound could fail for continuous
variables with sufficiently strong tail dependency.
Alternatively, suppose the clusters are contiguous spatial regions, as is typically the case, and the
correlation can be modelled as due to a latent spatial random field. That is, Xi = fi (Ui , Z(s(i)))
where Ui are iid U [0, 1], s(i) is the spatial location of individual i, and Z(s) is a spatial field.
If Z(s) is a Markov random field satisfying Dobrushin’s unicity condition, it is exponentially φmixing[eg 10, Theorem 2.1.3], and therefore exponentially ρ-mixing: that is, the maximal correlation
coefficient in any function of X falls off exponentially with distance. The design effect is bounded
above by
mk
1 X −c·d(i,j)
1 X
ρij = max
e
∆max = max
k mk
k mk
i,j=1
i,j
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and if the spatial density of observations is uniform this has a finite limit as mk → ∞.

3.2. Comparison to β-mixing conditions
Doukhan et al. [8] proved a Donsker theorem under β-mixing assumptions with bracketing in the
so-called 2, β-norm based on the β-mixing coefficients. A key result is their Proposition 1: for any
f ∈ L2,β (P )
∞
X
|cov[f (X1 ), f (Xi )]| ≤ 4kf k2P,2,β .
i=1

This implies
2

n

1 X
√
f (Xi )
n i=1

≤ kf k2P,2 + 4kf k2P,2,β ≤ 5kf k2P,2,β .
2

which is (up to constants) weaker than a multiplicative design-effect bound, since for ∆ > 1
"
#
n
1 X
var √
f (Xi ) ≤ ∆var[f (X1 )]
n i=1
implies
n

1 X
√
f (Xi )
n i=1

2

≤ ∆kf k2P,2 ≤ |f k2P,2 + (∆ − 1)kf k2P,2,β .
2

3.3. Design effects for Fδ in data
The primary need for the Donsker theorem in our research is for the multivariate cumulative
distribution function, so that F is the class of indicator functions of half-lines, quadrants, octants,
etc; and Fδ is the class of differences of nearby half-lines, quadrants, octants. As a demonstration of
the plausibility of the bound on design effects we estimated the design effect on a grid of functions
in Fδ in examples of survey data.
We used two teaching samples distributed by UCLA Academic Technology Services. The samples
come from a population of standardized test results and related socioeconomic variables for California schools: a one-stage cluster sample and and a two-stage sample, both using school districts as
primary sampling units. Since the socioeconomic variables differ strongly between school districts,
the design effects for means are larger than is typical. Even so, the design effects for the functions
in Fδ are moderate.
Table 1 shows the design effect for the means of four variables in the California schools data,
and the maximum design effect for means of I(x < c1 ) − I(x < c2 ) where c1 , c2 are from a
grid of approximately 30 equally spaced values. The four variables are the standardised Academic
Performance Index test results in 1999 and 2000, and the proportion of students who are ‘English
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Table 1
Design effects for the mean (DEFF) and the maximum design effect over a grid differences of adjacent indicator
functions, for four variables in two samples of California schools.

cluster sample
two-stage sample

1999 API
DEFF
max
8.7
3.29
6.0
3.7

2000 API
DEFF
max
9.3
2.15
6.3
4.0

ELL
DEFF
max
2.7
2.2
9.8
5.6

meals
DEFF
max
10.5
2.5
11.9
3.2

Table 2
Design effects for the mean (DEFF) and the maximum design effect over a grid differences of adjacent bivariate
indicator functions, for four variables in two samples of California schools.

cluster sample
two-stage sample

1999 API
DEFF
8.7
6.0

2000 API
DEFF
max
9.3
2.6
6.3
5.8

ELL
DEFF
max
2.7
2.3
9.8
5.8

meals
DEFF
max
10.5
5.2
11.9
13.7

language learners’ (ELL) and who receive subsidised school meals. In all cases, the maximum design
effect for the difference of indicators is less than for the mean of the raw variables.
Table 2 shows similar computations for a bivariate cumulative distribution function: the differences
of indicator functions are now I(x < c1 ∩ y < d1 ) − I(x < c2 ∩ y < d2 ), and the table uses 1999
API as x and each of the other three variables as y. The grid has approximately 15 points for each
margin. In all cases but one, the maximum design effect for the difference of indicators is less than
the larger of the two design effects for the raw variables.
These results confirm that, at least in this example, the design effects needed for the uniform central
limit theorem are comparable to the familiar design effects for means of the raw variables.

4. Summary
Under an assumption that is mathematically strong, but plausible in practice and possible to assess in data, we have shown that data from complex survey samples satisfies a uniform central
limit theorem for much the same classes of functions as in independent data. It would be technically interesting to develop more elementary sufficient conditions, and to extend the result from
superpopulation sampling to strict finite-population sampling, but two-phase or superpopulation
sampling covers the problems where empirical process methods are of the most importance. In
addition to generalizing arguments that already rely on empirical process theory, this result may
provide an alternative approach to problems such as estimators based on estimating functions not
differentiable in their parameters[29].
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